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Abstract
Artificial intelligence (AI) has undergone a renaissance recently, making major progress in
key domains such as vision, language, control, and decision-making. This has been due, in
part, to cheap data and cheap compute resources, which have fit the natural strengths of deep
learning. However, many defining characteristics of human intelligence, which developed under
much different pressures, remain out of reach for current approaches. In particular, generalizing
beyond one’s experiences—a hallmark of human intelligence from infancy—remains a formidable
challenge for modern AI.
The following is part position paper, part review, and part unification. We argue that
combinatorial generalization must be a top priority for AI to achieve human-like abilities, and that
structured representations and computations are key to realizing this objective. Just as biology
uses nature and nurture cooperatively, we reject the false choice between “hand-engineering”
and “end-to-end” learning, and instead advocate for an approach which benefits from their
complementary strengths. We explore how using relational inductive biases within deep learning
architectures can facilitate learning about entities, relations, and rules for composing them. We
present a new building block for the AI toolkit with a strong relational inductive bias—the graph
network—which generalizes and extends various approaches for neural networks that operate
on graphs, and provides a straightforward interface for manipulating structured knowledge and
producing structured behaviors. We discuss how graph networks can support relational reasoning
and combinatorial generalization, laying the foundation for more sophisticated, interpretable,
and flexible patterns of reasoning. As a companion to this paper, we have also released an
open-source software library for building graph networks, with demonstrations of how to use
them in practice.
1 Introduction
A key signature of human intelligence is the ability to make “infinite use of finite means” (Humboldt,
1836; Chomsky, 1965), in which a small set of elements (such as words) can be productively
composed in limitless ways (such as into new sentences). This reflects the principle of combinatorial
generalization, that is, constructing new inferences, predictions, and behaviors from known building
blocks. Here we explore how to improve modern AI’s capacity for combinatorial generalization by
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biasing learning towards structured representations and computations, and in particular, systems
that operate on graphs.
Humans’ capacity for combinatorial generalization depends critically on our cognitive mecha-
nisms for representing structure and reasoning about relations. We represent complex systems as
compositions of entities and their interactions1 (Navon, 1977; McClelland and Rumelhart, 1981;
Plaut et al., 1996; Marcus, 2001; Goodwin and Johnson-Laird, 2005; Kemp and Tenenbaum, 2008),
such as judging whether a haphazard stack of objects is stable (Battaglia et al., 2013). We use
hierarchies to abstract away from fine-grained differences, and capture more general commonalities
between representations and behaviors (Botvinick, 2008; Tenenbaum et al., 2011), such as parts of
an object, objects in a scene, neighborhoods in a town, and towns in a country. We solve novel
problems by composing familiar skills and routines (Anderson, 1982), for example traveling to a
new location by composing familiar procedures and objectives, such as “travel by airplane”, “to
San Diego”, “eat at”, and “an Indian restaurant”. We draw analogies by aligning the relational
structure between two domains and drawing inferences about one based on corresponding knowledge
about the other (Gentner and Markman, 1997; Hummel and Holyoak, 2003).
Kenneth Craik’s “The Nature of Explanation” (1943), connects the compositional structure of
the world to how our internal mental models are organized:
...[a human mental model] has a similar relation-structure to that of the process it
imitates. By ‘relation-structure’ I do not mean some obscure non-physical entity which
attends the model, but the fact that it is a working physical model which works in the
same way as the process it parallels... physical reality is built up, apparently, from a few
fundamental types of units whose properties determine many of the properties of the
most complicated phenomena, and this seems to afford a sufficient explanation of the
emergence of analogies between mechanisms and similarities of relation-structure among
these combinations without the necessity of any theory of objective universals. (Craik,
1943, page 51-55)
That is, the world is compositional, or at least, we understand it in compositional terms. When
learning, we either fit new knowledge into our existing structured representations, or adjust the
structure itself to better accommodate (and make use of) the new and the old (Tenenbaum et al.,
2006; Griffiths et al., 2010; Ullman et al., 2017).
The question of how to build artificial systems which exhibit combinatorial generalization has
been at the heart of AI since its origins, and was central to many structured approaches, including
logic, grammars, classic planning, graphical models, causal reasoning, Bayesian nonparametrics, and
probabilistic programming (Chomsky, 1957; Nilsson and Fikes, 1970; Pearl, 1986, 2009; Russell and
Norvig, 2009; Hjort et al., 2010; Goodman et al., 2012; Ghahramani, 2015). Entire sub-fields have
focused on explicit entity- and relation-centric learning, such as relational reinforcement learning
(Dzˇeroski et al., 2001) and statistical relational learning (Getoor and Taskar, 2007). A key reason
why structured approaches were so vital to machine learning in previous eras was, in part, because
data and computing resources were expensive, and the improved sample complexity afforded by
structured approaches’ strong inductive biases was very valuable.
In contrast with past approaches in AI, modern deep learning methods (LeCun et al., 2015;
Schmidhuber, 2015; Goodfellow et al., 2016) often follow an “end-to-end” design philosophy which
emphasizes minimal a priori representational and computational assumptions, and seeks to avoid
explicit structure and “hand-engineering”. This emphasis has fit well with—and has perhaps been
affirmed by—the current abundance of cheap data and cheap computing resources, which make
1Whether this entails a “language of thought” (Fodor, 1975) is beyond the scope of this work.
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trading off sample efficiency for more flexible learning a rational choice. The remarkable and rapid
advances across many challenging domains, from image classification (Krizhevsky et al., 2012;
Szegedy et al., 2017), to natural language processing (Sutskever et al., 2014; Bahdanau et al., 2015),
to game play (Mnih et al., 2015; Silver et al., 2016; Moravcˇ´ık et al., 2017), are a testament to this
minimalist principle. A prominent example is from language translation, where sequence-to-sequence
approaches (Sutskever et al., 2014; Bahdanau et al., 2015) have proven very effective without using
explicit parse trees or complex relationships between linguistic entities.
Despite deep learning’s successes, however, important critiques (Marcus, 2001; Shalev-Shwartz
et al., 2017; Lake et al., 2017; Lake and Baroni, 2018; Marcus, 2018a,b; Pearl, 2018; Yuille and
Liu, 2018) have highlighted key challenges it faces in complex language and scene understanding,
reasoning about structured data, transferring learning beyond the training conditions, and learning
from small amounts of experience. These challenges demand combinatorial generalization, and so it
is perhaps not surprising that an approach which eschews compositionality and explicit structure
struggles to meet them.
When deep learning’s connectionist (Rumelhart et al., 1987) forebears were faced with analogous
critiques from structured, symbolic positions (Fodor and Pylyshyn, 1988; Pinker and Prince, 1988),
there was a constructive effort (Bobrow and Hinton, 1990; Marcus, 2001) to address the challenges
directly and carefully. A variety of innovative sub-symbolic approaches for representing and reasoning
about structured objects were developed in domains such as analogy-making, linguistic analysis,
symbol manipulation, and other forms of relational reasoning (Smolensky, 1990; Hinton, 1990;
Pollack, 1990; Elman, 1991; Plate, 1995; Eliasmith, 2013), as well as more integrative theories for
how the mind works (Marcus, 2001). Such work also helped cultivate more recent deep learning
advances which use distributed, vector representations to capture rich semantic content in text
(Mikolov et al., 2013; Pennington et al., 2014), graphs (Narayanan et al., 2016, 2017), algebraic and
logical expressions (Allamanis et al., 2017; Evans et al., 2018), and programs (Devlin et al., 2017;
Chen et al., 2018b).
We suggest that a key path forward for modern AI is to commit to combinatorial generalization
as a top priority, and we advocate for integrative approaches to realize this goal. Just as biology does
not choose between nature versus nurture—it uses nature and nurture jointly, to build wholes which
are greater than the sums of their parts—we, too, reject the notion that structure and flexibility are
somehow at odds or incompatible, and embrace both with the aim of reaping their complementary
strengths. In the spirit of numerous recent examples of principled hybrids of structure-based methods
and deep learning (e.g., Reed and De Freitas, 2016; Garnelo et al., 2016; Ritchie et al., 2016; Wu
et al., 2017; Denil et al., 2017; Hudson and Manning, 2018), we see great promise in synthesizing
new techniques by drawing on the full AI toolkit and marrying the best approaches from today
with those which were essential during times when data and computation were at a premium.
Recently, a class of models has arisen at the intersection of deep learning and structured
approaches, which focuses on approaches for reasoning about explicitly structured data, in particular
graphs (e.g. Scarselli et al., 2009b; Bronstein et al., 2017; Gilmer et al., 2017; Wang et al., 2018c; Li
et al., 2018; Kipf et al., 2018; Gulcehre et al., 2018). What these approaches all have in common
is a capacity for performing computation over discrete entities and the relations between them.
What sets them apart from classical approaches is how the representations and structure of the
entities and relations—and the corresponding computations—can be learned, relieving the burden
of needing to specify them in advance. Crucially, these methods carry strong relational inductive
biases, in the form of specific architectural assumptions, which guide these approaches towards
learning about entities and relations (Mitchell, 1980), which we, joining many others (Spelke et al.,
1992; Spelke and Kinzler, 2007; Marcus, 2001; Tenenbaum et al., 2011; Lake et al., 2017; Lake and
Baroni, 2018; Marcus, 2018b), suggest are an essential ingredient for human-like intelligence.
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Box 1: Relational reasoning
We define structure as the product of composing a set of known building blocks. “Structured
representations” capture this composition (i.e., the arrangement of the elements) and “structured
computations” operate over the elements and their composition as a whole. Relational reasoning,
then, involves manipulating structured representations of entities and relations, using rules
for how they can be composed. We use these terms to capture notions from cognitive science,
theoretical computer science, and AI, as follows:
◦ An entity is an element with attributes, such as a physical object with a size and mass.
◦ A relation is a property between entities. Relations between two objects might include
same size as, heavier than, and distance from. Relations can have attributes as
well. The relation more than X times heavier than takes an attribute, X, which
determines the relative weight threshold for the relation to be true vs. false. Relations
can also be sensitive to the global context. For a stone and a feather, the relation falls
with greater acceleration than depends on whether the context is in air vs. in a
vacuum. Here we focus on pairwise relations between entities.
◦ A rule is a function (like a non-binary logical predicate) that maps entities and relations
to other entities and relations, such as a scale comparison like is entity X large? and
is entity X heavier than entity Y?. Here we consider rules which take one or two
arguments (unary and binary), and return a unary property value.
As an illustrative example of relational reasoning in machine learning, graphical models (Pearl,
1988; Koller and Friedman, 2009) can represent complex joint distributions by making explicit
random conditional independences among random variables. Such models have been very
successful because they capture the sparse structure which underlies many real-world generative
processes and because they support efficient algorithms for learning and reasoning. For example,
hidden Markov models constrain latent states to be conditionally independent of others given
the state at the previous time step, and observations to be conditionally independent given the
latent state at the current time step, which are well-matched to the relational structure of many
real-world causal processes. Explicitly expressing the sparse dependencies among variables
provides for various efficient inference and reasoning algorithms, such as message-passing, which
apply a common information propagation procedure across localities within a graphical model,
resulting in a composable, and partially parallelizable, reasoning procedure which can be applied
to graphical models of different sizes and shape.
In the remainder of the paper, we examine various deep learning methods through the lens of
their relational inductive biases, showing that existing methods often carry relational assumptions
which are not always explicit or immediately evident. We then present a general framework for
entity- and relation-based reasoning—which we term graph networks—for unifying and extending
existing methods which operate on graphs, and describe key design principles for building powerful
architectures using graph networks as building blocks. We have also released an open-source library
for building graph networks, which can be found here: github.com/deepmind/graph nets.
2 Relational inductive biases
Many approaches in machine learning and AI which have a capacity for relational reasoning
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Box 2: Inductive biases
Learning is the process of apprehending useful knowledge by observing and interacting with the
world. It involves searching a space of solutions for one expected to provide a better explanation
of the data or to achieve higher rewards. But in many cases, there are multiple solutions which
are equally good (Goodman, 1955). An inductive bias allows a learning algorithm to prioritize
one solution (or interpretation) over another, independent of the observed data (Mitchell,
1980). In a Bayesian model, inductive biases are typically expressed through the choice and
parameterization of the prior distribution (Griffiths et al., 2010). In other contexts, an inductive
bias might be a regularization term (McClelland, 1994) added to avoid overfitting, or it might
be encoded in the architecture of the algorithm itself. Inductive biases often trade flexibility
for improved sample complexity and can be understood in terms of the bias-variance tradeoff
(Geman et al., 1992). Ideally, inductive biases both improve the search for solutions without
substantially diminishing performance, as well as help find solutions which generalize in a
desirable way; however, mismatched inductive biases can also lead to suboptimal performance
by introducing constraints that are too strong.
Inductive biases can express assumptions about either the data-generating process or the space
of solutions. For example, when fitting a 1D function to data, linear least squares follows
the constraint that the approximating function be a linear model, and approximation errors
should be minimal under a quadratic penalty. This reflects an assumption that the data-
generating process can be explained simply, as a line process corrupted by additive Gaussian
noise. Similarly, L2 regularization prioritizes solutions whose parameters have small values,
and can induce unique solutions and global structure to otherwise ill-posed problems. This can
be interpreted as an assumption about the learning process: that searching for good solutions
is easier when there is less ambiguity among solutions. Note, these assumptions need not be
explicit—they reflect interpretations of how a model or algorithm interfaces with the world.
(Box 1) use a relational inductive bias. While not a precise, formal definition, we use this term to
refer generally to inductive biases (Box 2) which impose constraints on relationships and interactions
among entities in a learning process.
Creative new machine learning architectures have rapidly proliferated in recent years, with
(perhaps not surprisingly given the thesis of this paper) practitioners often following a design pattern
of composing elementary building blocks to form more complex, deep2 computational hierarchies and
graphs3. Building blocks such as “fully connected” layers are stacked into “multilayer perceptrons”
(MLPs), “convolutional layers” are stacked into “convolutional neural networks” (CNNs), and a
standard recipe for an image processing network is, generally, some variety of CNN composed with
a MLP. This composition of layers provides a particular type of relational inductive bias—that
of hierarchical processing—in which computations are performed in stages, typically resulting in
increasingly long range interactions among information in the input signal. As we explore below, the
building blocks themselves also carry various relational inductive biases (Table 1). Though beyond
the scope of this paper, various non-relational inductive biases are used in deep learning as well: for
example, activation non-linearities, weight decay, dropout (Srivastava et al., 2014), batch and layer
normalization (Ioffe and Szegedy, 2015; Ba et al., 2016), data augmentation, training curricula, and
optimization algorithms all impose constraints on the trajectory and outcome of learning.
2This pattern of composition in depth is ubiquitous in deep learning, and is where the “deep” comes from.
3Recent methods (Liu et al., 2018) even automate architecture construction via learned graph editing procedures.
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Component Entities Relations Rel. inductive bias Invariance
Fully connected Units All-to-all Weak -
Convolutional Grid elements Local Locality Spatial translation
Recurrent Timesteps Sequential Sequentiality Time translation
Graph network Nodes Edges Arbitrary Node, edge permutations
Table 1: Various relational inductive biases in standard deep learning components. See also Section 2.
To explore the relational inductive biases expressed within various deep learning methods, we
must identify several key ingredients, analogous to those in Box 1: what are the entities, what are
the relations, and what are the rules for composing entities and relations, and computing their
implications? In deep learning, the entities and relations are typically expressed as distributed
representations, and the rules as neural network function approximators; however, the precise forms
of the entities, relations, and rules vary between architectures. To understand these differences
between architectures, we can further ask how each supports relational reasoning by probing:
◦ The arguments to the rule functions (e.g., which entities and relations are provided as input).
◦ How the rule function is reused, or shared, across the computational graph (e.g., across different
entities and relations, across different time or processing steps, etc.).
◦ How the architecture defines interactions versus isolation among representations (e.g., by
applying rules to draw conclusions about related entities, versus processing them separately).
2.1 Relational inductive biases in standard deep learning building blocks
2.1.1 Fully connected layers
Perhaps the most common building block is a fully connected layer (Rosenblatt, 1961). Typically
implemented as a non-linear vector-valued function of vector inputs, each element, or “unit”, of
the output vector is the dot product between a weight vector, followed by an added bias term, and
finally a non-linearity such as a rectified linear unit (ReLU). As such, the entities are the units in
the network, the relations are all-to-all (all units in layer i are connected to all units in layer j),
and the rules are specified by the weights and biases. The argument to the rule is the full input
signal, there is no reuse, and there is no isolation of information (Figure 1a). The implicit relational
inductive bias in a fully connected layer is thus very weak: all input units can interact to determine
any output unit’s value, independently across outputs (Table 1).
2.1.2 Convolutional layers
Another common building block is a convolutional layer (Fukushima, 1980; LeCun et al., 1989). It is
implemented by convolving an input vector or tensor with a kernel of the same rank, adding a bias
term, and applying a point-wise non-linearity. The entities here are still individual units (or grid
elements, e.g. pixels), but the relations are sparser. The differences between a fully connected layer
and a convolutional layer impose some important relational inductive biases: locality and translation
invariance (Figure 1b). Locality reflects that the arguments to the relational rule are those entities in
close proximity with one another in the input signal’s coordinate space, isolated from distal entities.
Translation invariance reflects reuse of the same rule across localities in the input. These biases
are very effective for processing natural image data because there is high covariance within local
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Figure 1: Reuse and sharing in common deep learning building blocks. (a) Fully connected layer,
in which all weights are independent, and there is no sharing. (b) Convolutional layer, in which
a local kernel function is reused multiple times across the input. Shared weights are indicated by
arrows with the same color. (c) Recurrent layer, in which the same function is reused across different
processing steps.
neighborhoods, which diminishes with distance, and because the statistics are mostly stationary
across an image (Table 1).
2.1.3 Recurrent layers
A third common building block is a recurrent layer (Elman, 1990), which is implemented over a
sequence of steps. Here, we can view the inputs and hidden states at each processing step as the
entities, and the Markov dependence of one step’s hidden state on the previous hidden state and
the current input, as the relations. The rule for combining the entities takes a step’s inputs and
hidden state as arguments to update the hidden state. The rule is reused over each step (Figure 1c),
which reflects the relational inductive bias of temporal invariance (similar to a CNN’s translational
invariance in space). For example, the outcome of some physical sequence of events should not
depend on the time of day. RNNs also carry a bias for locality in the sequence via their Markovian
structure (Table 1).
2.2 Computations over sets and graphs
While the standard deep learning toolkit contains methods with various forms of relational inductive
biases, there is no “default” deep learning component which operates on arbitrary relational structure.
We need models with explicit representations of entities and relations, and learning algorithms which
find rules for computing their interactions, as well as ways of grounding them in data. Importantly,
entities in the world (such as objects and agents) do not have a natural order; rather, orderings
can be defined by the properties of their relations. For example, the relations between the sizes of
a set of objects can potentially be used to order them, as can their masses, ages, toxicities, and
prices. Invariance to ordering—except in the face of relations—is a property that should ideally be
reflected by a deep learning component for relational reasoning.
Sets are a natural representation for systems which are described by entities whose order is
undefined or irrelevant; in particular, their relational inductive bias does not come from the presence
of something, but rather from the absence. For illustration, consider the task of predicting the center
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(a) (b)
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(e) (f)
Molecule Mass-Spring System
n-body System Rigid Body System
Sentence and Parse Tree Image and Fully-Connected Scene Graph
Figure 2: Different graph representations. (a) A molecule, in which each atom is represented as a
node and edges correspond to bonds (e.g. Duvenaud et al., 2015). (b) A mass-spring system, in
which the rope is defined by a sequence of masses which are represented as nodes in the graph (e.g.
Battaglia et al., 2016; Chang et al., 2017). (c) A n-body system, in which the bodies are nodes and
the underlying graph is fully connected (e.g. Battaglia et al., 2016; Chang et al., 2017). (d) A rigid
body system, in which the balls and walls are nodes, and the underlying graph defines interactions
between the balls and between the balls and the walls (e.g. Battaglia et al., 2016; Chang et al., 2017).
(e) A sentence, in which the words correspond to leaves in a tree, and the other nodes and edges
could be provided by a parser (e.g. Socher et al., 2013). Alternately, a fully connected graph could
be used (e.g. Vaswani et al., 2017). (f) An image, which can be decomposed into image patches
corresponding to nodes in a fully connected graph (e.g. Santoro et al., 2017; Wang et al., 2018c).
of mass of a solar system comprised of n planets, whose attributes (e.g., mass, position, velocity,
etc.) are denoted by {x1,x2, . . . ,xn}. For such a computation, the order in which we consider the
planets does not matter because the state can be described solely in terms of aggregated, averaged
quantities. However, if we were to use a MLP for this task, having learned the prediction for a
particular input (x1,x2, . . . ,xn) would not necessarily transfer to making a prediction for the same
inputs under a different ordering (xn,x1, . . . ,x2). Since there are n! such possible permutations, in
the worst case, the MLP could consider each ordering as fundamentally different, and thus require
an exponential number of input/output training examples to learn an approximating function.
A natural way to handle such combinatorial explosion is to only allow the prediction to depend
on symmetric functions of the inputs’ attributes. This might mean computing shared per-object
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features {f(x1), . . . , f(xn)} which are then aggregated in a symmetric way (for example, by taking
their mean). Such an approach is the essence of the Deep Sets and related models (Zaheer et al.,
2017; Edwards and Storkey, 2016; Pevny` and Somol, 2017), which we explore further in Section 4.2.3.
Of course, permutation invariance is not the only important form of underlying structure in
many problems. For example, each object in a set may be affected by pairwise interactions with
the other objects in the set (Hartford et al., 2018). In our planets scenario, consider now the
task of predicting each individual planet’s position after a time interval, ∆t. In this case, using
aggregated, averaged information is not enough because the movement of each planet depends on
the forces the other planets are exerting on it. Instead, we could compute the state of each object
as x′i = f(xi,
∑
j g(xi,xj)), where g could compute the force induced by the j-th planet on the
i-th planet, and f could compute the future state of the i-th planet which results from the forces
and dynamics. The fact that we use the same g everywhere is again a consequence of the global
permutation invariance of the system; however, it also supports a different relational structure
because g now takes two arguments rather than one.4
The above solar system examples illustrate two relational structures: one in which there are
no relations, and one which consists of all pairwise relations. Many real-world systems (such as
in Figure 2) have a relational structure somewhere in between these two extremes, however, with
some pairs of entities possessing a relation and others lacking one. In our solar system example, if
the system instead consists of the planets and their moons, one may be tempted to approximate
it by neglecting the interactions between moons of different planets. In practice, this means
computing interactions only between some pairs of objects, i.e. x′i = f(xi,
∑
j∈δ(i) g(xi,xj)), where
δ(i) ⊆ {1, . . . , n} is a neighborhood around node i. This corresponds to a graph, in that the i-th
object only interacts with a subset of the other objects, described by its neighborhood. Note, the
updated states still do not depend in the order in which we describe the neighborhood.5
Graphs, generally, are a representation which supports arbitrary (pairwise) relational struc-
ture, and computations over graphs afford a strong relational inductive bias beyond that which
convolutional and recurrent layers can provide.
3 Graph networks
Neural networks that operate on graphs, and structure their computations accordingly, have been
developed and explored extensively for more than a decade under the umbrella of “graph neural
networks” (Gori et al., 2005; Scarselli et al., 2005, 2009a; Li et al., 2016), but have grown rapidly
in scope and popularity in recent years. We survey the literature on these methods in the next
sub-section (3.1). Then in the remaining sub-sections, we present our graph networks framework,
which generalizes and extends several lines of work in this area.
3.1 Background
Models in the graph neural network family (Gori et al., 2005; Scarselli et al., 2005, 2009a; Li et al.,
2016) have been explored in a diverse range of problem domains, across supervised, semi-supervised,
unsupervised, and reinforcement learning settings. They have been effective at tasks thought to
have rich relational structure, such as visual scene understanding tasks (Raposo et al., 2017; Santoro
4We could extend this same analysis to increasingly entangled structures that depend on relations among triplets
(i.e., g(xi,xj ,xk)), quartets, and so on. We note that if we restrict these functions to only operate on subsets of xi
which are spatially close, then we end back up with something resembling CNNs. In the most entangled sense, where
there is a single relation function g(x1, . . . ,xn), we end back up with a construction similar to a fully connected layer.
5The invariance which this model enforces is the invariance under isomorphism of the graph.
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et al., 2017) and few-shot learning (Garcia and Bruna, 2018). They have also been used to learn
the dynamics of physical systems (Battaglia et al., 2016; Chang et al., 2017; Watters et al., 2017;
van Steenkiste et al., 2018; Sanchez-Gonzalez et al., 2018) and multi-agent systems (Sukhbaatar
et al., 2016; Hoshen, 2017; Kipf et al., 2018), to reason about knowledge graphs (Bordes et al., 2013;
On˜oro-Rubio et al., 2017; Hamaguchi et al., 2017), to predict the chemical properties of molecules
(Duvenaud et al., 2015; Gilmer et al., 2017), to predict traffic on roads (Li et al., 2017; Cui et al.,
2018), to classify and segment images and videos (Wang et al., 2018c; Hu et al., 2017) and 3D
meshes and point clouds (Wang et al., 2018d), to classify regions in images (Chen et al., 2018a), to
perform semi-supervised text classification (Kipf and Welling, 2017), and in machine translation
(Vaswani et al., 2017; Shaw et al., 2018; Gulcehre et al., 2018). They have been used within both
model-free (Wang et al., 2018b) and model-based (Hamrick et al., 2017; Pascanu et al., 2017;
Sanchez-Gonzalez et al., 2018) continuous control, for model-free reinforcement learning (Hamrick
et al., 2018; Zambaldi et al., 2018), and for more classical approaches to planning (Toyer et al.,
2017).
Many traditional computer science problems, which involve reasoning about discrete entities and
structure, have also been explored with graph neural networks, such as combinatorial optimization
(Bello et al., 2016; Nowak et al., 2017; Dai et al., 2017), boolean satisfiability (Selsam et al., 2018),
program representation and verification (Allamanis et al., 2018; Li et al., 2016), modeling cellular
automata and Turing machines (Johnson, 2017), and performing inference in graphical models
(Yoon et al., 2018). Recent work has also focused on building generative models of graphs (Li et al.,
2018; De Cao and Kipf, 2018; You et al., 2018; Bojchevski et al., 2018), and unsupervised learning of
graph embeddings (Perozzi et al., 2014; Tang et al., 2015; Grover and Leskovec, 2016; Garc´ıa-Dura´n
and Niepert, 2017).
The works cited above are by no means an exhaustive list, but provide a representative cross-
section of the breadth of domains for which graph neural networks have proven useful. We point
interested readers to a number of existing reviews which examine the body of work on graph neural
networks in more depth. In particular, Scarselli et al. (2009a) provides an authoritative overview of
early graph neural network approaches. Bronstein et al. (2017) provides an excellent survey of deep
learning on non-Euclidean data, and explores graph neural nets, graph convolution networks, and
related spectral approaches. Recently, Gilmer et al. (2017) introduced the message-passing neural
network (MPNN), which unified various graph neural network and graph convolutional network
approaches (Monti et al., 2017; Bruna et al., 2014; Henaff et al., 2015; Defferrard et al., 2016;
Niepert et al., 2016; Kipf and Welling, 2017; Bronstein et al., 2017) by analogy to message-passing
in graphical models. In a similar vein, Wang et al. (2018c) introduced the non-local neural network
(NLNN), which unified various “self-attention”-style methods (Vaswani et al., 2017; Hoshen, 2017;
Velicˇkovic´ et al., 2018) by analogy to methods from computer vision and graphical models for
capturing long range dependencies in signals.
3.2 Graph network (GN) block
We now present our graph networks (GN) framework, which defines a class of functions for
relational reasoning over graph-structured representations. Our GN framework generalizes and
extends various graph neural network, MPNN, and NLNN approaches (Scarselli et al., 2009a; Gilmer
et al., 2017; Wang et al., 2018c), and supports constructing complex architectures from simple
building blocks. Note, we avoided using the term “neural” in the “graph network” label to reflect
that they can be implemented with functions other than neural networks, though here our focus is
on neural network implementations.
The main unit of computation in the GN framework is the GN block, a “graph-to-graph” module
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Box 3: Our definition of “graph”
Attributes
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vsk vrk
u
vi
ek
Here we use “graph” to mean a directed, attributed multi-graph with a global attribute. In our
terminology, a node is denoted as vi, an edge as ek, and the global attributes as u. We also use
sk and rk to indicate the indices of the sender and receiver nodes (see below), respectively, for
edge k. To be more precise, we define these terms as:
Directed : one-way edges, from a “sender” node to a “receiver” node.
Attribute : properties that can be encoded as a vector, set, or even another graph.
Attributed : edges and vertices have attributes associated with them.
Global attribute : a graph-level attribute.
Multi-graph : there can be more than one edge between vertices, including self-edges.
Figure 2 shows a variety of different types of graphs corresponding to real data that we may be
interested in modeling, including physical systems, molecules, images, and text.
which takes a graph as input, performs computations over the structure, and returns a graph as
output. As described in Box 3, entities are represented by the graph’s nodes, relations by the edges,
and system-level properties by global attributes. The GN framework’s block organization emphasizes
customizability and synthesizing new architectures which express desired relational inductive biases.
The key design principles are: Flexible representations (see Section 4.1); Configurable within-block
structure (see Section 4.2); and Composable multi-block architectures (see Section 4.3).
We introduce a motivating example to help make the GN formalism more concrete. Consider
predicting the movements a set of rubber balls in an arbitrary gravitational field, which, instead of
bouncing against one another, each have one or more springs which connect them to some (or all) of
the others. We will refer to this running example throughout the definitions below, to motivate the
graph representation and the computations operating over it. Figure 2 depicts some other common
scenarios that can be represented by graphs and reasoned over using graph networks.
3.2.1 Definition of “graph”
Within our GN framework, a graph is defined as a 3-tuple G = (u, V, E) (see Box 3 for details of
graph representations). The u is a global attribute; for example, u might represent the gravitational
field. The V = {vi}i=1:Nv is the set of nodes (of cardinality Nv), where each vi is a node’s attribute.
For example, V might represent each ball, with attributes for position, velocity, and mass. The
E = {(ek, rk, sk)}k=1:Ne is the set of edges (of cardinality N e), where each ek is the edge’s attribute,
rk is the index of the receiver node, and sk is the index of the sender node. For example, E might
represent the presence of springs between different balls, and their corresponding spring constants.
11
Algorithm 1 Steps of computation in a full GN block.
function GraphNetwork(E, V , u)
for k ∈ {1 . . . N e} do
e′k ← φe (ek,vrk ,vsk ,u) . 1. Compute updated edge attributes
end for
for i ∈ {1 . . . Nn} do
let E′i = {(e′k, rk, sk)}rk=i, k=1:Ne
e¯′i ← ρe→v (E′i) . 2. Aggregate edge attributes per node
v′i ← φv (e¯′i,vi,u) . 3. Compute updated node attributes
end for
let V ′ = {v′}i=1:Nv
let E′ = {(e′k, rk, sk)}k=1:Ne
e¯′ ← ρe→u (E′) . 4. Aggregate edge attributes globally
v¯′ ← ρv→u (V ′) . 5. Aggregate node attributes globally
u′ ← φu (e¯′, v¯′,u) . 6. Compute updated global attribute
return (E′, V ′,u′)
end function
3.2.2 Internal structure of a GN block
A GN block contains three “update” functions, φ, and three “aggregation” functions, ρ,
e′k = φ
e (ek,vrk ,vsk ,u)
v′i = φ
v
(
e¯′i,vi,u
)
u′ = φu
(
e¯′, v¯′,u
)
e¯′i = ρ
e→v (E′i)
e¯′ = ρe→u
(
E′
)
v¯′ = ρv→u
(
V ′
) (1)
where E′i = {(e′k, rk, sk)}rk=i, k=1:Ne , V ′ = {v′i}i=1:Nv , and E′ =
⋃
iE
′
i = {(e′k, rk, sk)}k=1:Ne .
The φe is mapped across all edges to compute per-edge updates, the φv is mapped across all
nodes to compute per-node updates, and the φu is applied once as the global update. The ρ
functions each take a set as input, and reduce it to a single element which represents the aggregated
information. Crucially, the ρ functions must be invariant to permutations of their inputs, and should
take variable numbers of arguments (e.g., elementwise summation, mean, maximum, etc.).
3.2.3 Computational steps within a GN block
When a graph, G, is provided as input to a GN block, the computations proceed from the edge, to
the node, to the global level. Figure 3 shows a depiction of which graph elements are involved in
each of these computations, and Figure 4a shows a full GN block, with its update and aggregation
functions. Algorithm 1 shows the following steps of computation:
1. φe is applied per edge, with arguments (ek,vrk ,vsk ,u), and returns e
′
k. In our springs example,
this might correspond to the forces or potential energies between two connected balls. The
set of resulting per-edge outputs for each node, i, is, E′i = {(e′k, rk, sk)}rk=i, k=1:Ne . And
E′ =
⋃
iE
′
i = {(e′k, rk, sk)}k=1:Ne is the set of all per-edge outputs.
2. ρe→v is applied to E′i, and aggregates the edge updates for edges that project to vertex i, into
e¯′i, which will be used in the next step’s node update. In our running example, this might
correspond to summing all the forces or potential energies acting on the ith ball.
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(a) Edge update
u
<latexit sha1_base64="Wl/ NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1 pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q4 9W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4 PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6 g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAY FWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoao fazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJr zxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLE leKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8 wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/ NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1 pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q4 9W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4 PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6 g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAY FWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoao fazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJr zxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLE leKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8 wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/ NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1 pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q4 9W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4 PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6 g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAY FWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoao fazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJr zxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLE leKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8 wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/ NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1 pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q4 9W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4 PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6 g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAY FWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoao fazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJr zxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLE leKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8 wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit>
e0k
<latexit sha1_base64="TmB m7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7 W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDE rR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6 g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibc kFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrq aQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG 5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7a nki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8 wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmB m7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7 W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDE rR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6 g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibc kFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrq aQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG 5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7a nki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8 wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmB m7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7 W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDE rR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6 g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibc kFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrq aQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG 5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7a nki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8 wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmB m7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7 W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDE rR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6 g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibc kFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrq aQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG 5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7a nki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8 wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit>v0i
<latexit sha1_base64="eeL XdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9 ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx 68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tH xwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2 VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpY Rtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrN yVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6v eNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gA acsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKq jhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9 bbJztsklE=</latexit><latexit sha1_base64="eeL XdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9 ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx 68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tH xwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2 VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpY Rtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrN yVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6v eNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gA acsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKq jhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9 bbJztsklE=</latexit><latexit sha1_base64="eeL XdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9 ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx 68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tH xwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2 VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpY Rtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrN yVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6v eNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gA acsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKq jhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9 bbJztsklE=</latexit><latexit sha1_base64="eeL XdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9 ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx 68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tH xwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2 VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpY Rtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrN yVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6v eNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gA acsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKq jhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9 bbJztsklE=</latexit>
(b) Node update
u0
<latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4= ">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen wiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9 +AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVl i5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx 9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4= ">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen wiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9 +AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVl i5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx 9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4= ">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen wiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9 +AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVl i5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx 9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4= ">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen wiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9 +AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVl i5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx 9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit>
e0k
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(c) Global update
Figure 3: Updates in a GN block. Blue indicates the element that is being updated, and black
indicates other elements which are involved in the update (note that the pre-update value of the
blue element is also used in the update). See Equation 1 for details on the notation.
3. φv is applied to each node i, to compute an updated node attribute, v′i. In our running
example, φv may compute something analogous to the updated position, velocity, and kinetic
energy of each ball. The set of resulting per-node outputs is, V ′ = {v′i}i=1:Nv .
4. ρe→u is applied to E′, and aggregates all edge updates, into e¯′, which will then be used in the
next step’s global update. In our running example, ρe→u may compute the summed forces
(which should be zero, in this case, due to Newton’s third law) and the springs’ potential
energies.
5. ρv→u is applied to V ′, and aggregates all node updates, into v¯′, which will then be used in
the next step’s global update. In our running example, ρv→u might compute the total kinetic
energy of the system.
6. φu is applied once per graph, and computes an update for the global attribute, u′. In our
running example, φu might compute something analogous to the net forces and total energy
of the physical system.
Note, though we assume this sequence of steps here, the order is not strictly enforced: it is possible
to reverse the update functions to proceed from global, to per-node, to per-edge updates, for example.
Kearnes et al. (2016) computes edge updates from nodes in a similar manner.
3.2.4 Relational inductive biases in graph networks
Our GN framework imposes several strong relational inductive biases when used as components in
a learning process. First, graphs can express arbitrary relationships among entities, which means
the GN’s input determines how representations interact and are isolated, rather than those choices
being determined by the fixed architecture. For example, the assumption that two entities have a
relationship—and thus should interact—is expressed by an edge between the entities’ corresponding
nodes. Similarly, the absence of an edge expresses the assumption that the nodes have no relationship
and should not influence each other directly.
Second, graphs represent entities and their relations as sets, which are invariant to permutations.
This means GNs are invariant to the order of these elements6, which is often desirable. For example,
the objects in a scene do not have a natural ordering (see Sec. 2.2).
Third, a GN’s per-edge and per-node functions are reused across all edges and nodes, respectively.
This means GNs automatically support a form of combinatorial generalization (see Section 5.1):
because graphs are composed of edges, nodes, and global features, a single GN can operate on
graphs of different sizes (numbers of edges and nodes) and shapes (edge connectivity).
6Note, an ordering can be imposed by encoding the indices in the node or edge attributes, or via the edges
themselves (e.g. by encoding a chain or partial ordering).
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4 Design principles for graph network architectures
The GN framework can be used to implement a wide variety of architectures, in accordance with
the design principles listed above in Section 3.2, which also correspond to the sub-sections (4.1,
4.2, and 4.3) below. In general, the framework is agnostic to specific attribute representations and
functional forms. Here, however, we focus mainly on deep learning architectures, which allow GNs
to act as learnable graph-to-graph function approximators.
4.1 Flexible representations
Graph networks support highly flexible graph representations in two ways: first, in terms of the
representation of the attributes; and second, in terms of the structure of the graph itself.
4.1.1 Attributes
The global, node, and edge attributes of a GN block can use arbitrary representational formats. In
deep learning implementations, real-valued vectors and tensors are most common. However, other
data structures such as sequences, sets, or even graphs could also be used.
The requirements of the problem will often determine what representations should be used for
the attributes. For example, when the input data is an image, the attributes might be represented
as tensors of image patches; however, when the input data is a text document, the attributes might
be sequences of words corresponding to sentences.
For each GN block within a broader architecture, the edge and node outputs typically correspond
to lists of vectors or tensors, one per edge or node, and the global outputs correspond to a single
vector or tensor. This allows a GN’s output to be passed to other deep learning building blocks
such as MLPs, CNNs, and RNNs.
The output of a GN block can also be tailored to the demands of the task. In particular,
◦ An edge-focused GN uses the edges as output, for example to make decisions about interactions
among entities (Kipf et al., 2018; Hamrick et al., 2018).
◦ A node-focused GN uses the nodes as output, for example to reason about physical systems
(Battaglia et al., 2016; Chang et al., 2017; Wang et al., 2018b; Sanchez-Gonzalez et al., 2018).
◦ A graph-focused GN uses the globals as output, for example to predict the potential energy of
a physical system (Battaglia et al., 2016), the properties of a molecule (Gilmer et al., 2017),
or answers to questions about a visual scene (Santoro et al., 2017).
The nodes, edges, and global outputs can also be mixed-and-matched depending on the task. For
example, Hamrick et al. (2018) used both the output edge and global attributes to compute a policy
over actions.
4.1.2 Graph structure
When defining how the input data will be represented as a graph, there are generally two scenarios:
first, the input explicitly specifies the relational structure; and second, the relational structure must
be inferred or assumed. These are not hard distinctions, but extremes along a continuum.
Examples of data with more explicitly specified entities and relations include knowledge graphs,
social networks, parse trees, optimization problems, chemical graphs, road networks, and physical
systems with known interactions. Figures 2a-d illustrate how such data can be expressed as graphs.
Examples of data where the relational structure is not made explicit, and must be inferred or
assumed, include visual scenes, text corpora, programming language source code, and multi-agent
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systems. In these types of settings, the data may be formatted as a set of entities without relations,
or even just a vector or tensor (e.g., an image). If the entities are not specified explicitly, they might
be assumed, for instance, by treating each word in a sentence (Vaswani et al., 2017) or each local
feature vector in a CNN’s output feature map, as a node (Watters et al., 2017; Santoro et al., 2017;
Wang et al., 2018c) (Figures 2e-f). Or, it might be possible to use a separate learned mechanism to
infer entities from an unstructured signal (Luong et al., 2015; Mnih et al., 2014; Eslami et al., 2016;
van Steenkiste et al., 2018). If relations are not available, the simplest approach is to instantiate all
possible directed edges between entities (Figure 2f). This can be prohibitive for large numbers of
entities, however, because the number of possible edges grows quadratically with the number of
nodes. Thus developing more sophisticated ways of inferring sparse structure from unstructured
data (Kipf et al., 2018) is an important future direction.
4.2 Configurable within-block structure
The structure and functions within a GN block can be configured in different ways, which offers
flexibility in what information is made available as inputs to its functions, as well as how output edge,
node, and global updates are produced. In particular, each φ in Equation 1 must be implemented
with some function, f , where f ’s argument signature determines what information it requires as
input; in Figure 4, the incoming arrows to each φ depict whether u, V , and E are taken as inputs.
Hamrick et al. (2018) and Sanchez-Gonzalez et al. (2018) used the full GN block shown in Figure 4a.
Their φ implementations used neural networks (denoted NNe, NNv, and NNu below, to indicate that
they are different functions with different parameters). Their ρ implementations used elementwise
summation, but averages and max/min could also be used,
φe (ek,vrk ,vsk ,u) := f
e (ek,vrk ,vsk ,u) = NNe ([ek,vrk ,vsk ,u]) (2)
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i,vi,u
)
= NNv
(
[e¯′i,vi,u]
)
φu
(
e¯′, v¯′,u
)
:= fu
(
e¯′, v¯′,u
)
= NNu
(
[e¯′, v¯′,u]
)
ρe→v
(
E′i
)
:= =
∑
{k: rk=i}
e′k
ρv→u
(
V ′
)
:= =
∑
i
v′i
ρe→u
(
E′
)
:= =
∑
k
e′k
where [x,y, z] indicates vector/tensor concatenation. For vector attributes, a MLP is often used for
φ, while for tensors such as image feature maps, CNNs may be more suitable.
The φ functions can also use RNNs, which requires an additional hidden state as input and
output. Figure 4b shows a very simple version of a GN block with RNNs as φ functions: there is no
message-passing in this formulation, and this type of block might be used for recurrent smoothing of
some dynamic graph states. Of course, RNNs as φ functions could also be used in a full GN block
(Figure 4a).
A variety of other architectures can be expressed in the GN framework, often as different
function choices and within-block configurations. The remaining sub-sections explore how a GN’s
within-block structure can be configured in different ways, with examples of published work which
uses such configurations. See the Appendix for details.
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(a) Full GN block
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V, Vhid
<latexit sha1_base64="brwuxF74R6OEOykh378as/RBfzE=">AAAB+nicbVBNS8NAFHzx s9avVI9eFovgQUoigh48FLx4rGDTQhvCZrNtl+4mYXejlNif4sWDIl79Jd78N27aHLR1YGGYeY83O2HKmdKO822trK6tb2xWtqrbO7t7+3btwFNJJgltk4QnshtiRTmLaVszzWk3lRSLkNNO OL4p/M4DlYol8b2epNQXeBizASNYGymwa94Z8oK+wHokRT5i0TSw607DmQEtE7ckdSjRCuyvfpSQTNBYE46V6rlOqv0cS80Ip9NqP1M0xWSMh7RnaIwFVX4+iz5FJ0aJ0CCR5sUazdTfGzkW Sk1EaCaLjGrRK8T/vF6mB1d+zuI00zQm80ODjCOdoKIHFDFJieYTQzCRzGRFZIQlJtq0VTUluItfXibeecN1Gu7dRb15XdZRgSM4hlNw4RKacAstaAOBR3iGV3iznqwX6936mI+uWOXOIfy B9fkD20qTuA==</latexit><latexit sha1_base64="brwuxF74R6OEOykh378as/RBfzE=">AAAB+nicbVBNS8NAFHzx s9avVI9eFovgQUoigh48FLx4rGDTQhvCZrNtl+4mYXejlNif4sWDIl79Jd78N27aHLR1YGGYeY83O2HKmdKO822trK6tb2xWtqrbO7t7+3btwFNJJgltk4QnshtiRTmLaVszzWk3lRSLkNNO OL4p/M4DlYol8b2epNQXeBizASNYGymwa94Z8oK+wHokRT5i0TSw607DmQEtE7ckdSjRCuyvfpSQTNBYE46V6rlOqv0cS80Ip9NqP1M0xWSMh7RnaIwFVX4+iz5FJ0aJ0CCR5sUazdTfGzkW Sk1EaCaLjGrRK8T/vF6mB1d+zuI00zQm80ODjCOdoKIHFDFJieYTQzCRzGRFZIQlJtq0VTUluItfXibeecN1Gu7dRb15XdZRgSM4hlNw4RKacAstaAOBR3iGV3iznqwX6936mI+uWOXOIfy B9fkD20qTuA==</latexit><latexit sha1_base64="brwuxF74R6OEOykh378as/RBfzE=">AAAB+nicbVBNS8NAFHzx s9avVI9eFovgQUoigh48FLx4rGDTQhvCZrNtl+4mYXejlNif4sWDIl79Jd78N27aHLR1YGGYeY83O2HKmdKO822trK6tb2xWtqrbO7t7+3btwFNJJgltk4QnshtiRTmLaVszzWk3lRSLkNNO OL4p/M4DlYol8b2epNQXeBizASNYGymwa94Z8oK+wHokRT5i0TSw607DmQEtE7ckdSjRCuyvfpSQTNBYE46V6rlOqv0cS80Ip9NqP1M0xWSMh7RnaIwFVX4+iz5FJ0aJ0CCR5sUazdTfGzkW Sk1EaCaLjGrRK8T/vF6mB1d+zuI00zQm80ODjCOdoKIHFDFJieYTQzCRzGRFZIQlJtq0VTUluItfXibeecN1Gu7dRb15XdZRgSM4hlNw4RKacAstaAOBR3iGV3iznqwX6936mI+uWOXOIfy B9fkD20qTuA==</latexit><latexit sha1_base64="brwuxF74R6OEOykh378as/RBfzE=">AAAB+nicbVBNS8NAFHzx s9avVI9eFovgQUoigh48FLx4rGDTQhvCZrNtl+4mYXejlNif4sWDIl79Jd78N27aHLR1YGGYeY83O2HKmdKO822trK6tb2xWtqrbO7t7+3btwFNJJgltk4QnshtiRTmLaVszzWk3lRSLkNNO OL4p/M4DlYol8b2epNQXeBizASNYGymwa94Z8oK+wHokRT5i0TSw607DmQEtE7ckdSjRCuyvfpSQTNBYE46V6rlOqv0cS80Ip9NqP1M0xWSMh7RnaIwFVX4+iz5FJ0aJ0CCR5sUazdTfGzkW Sk1EaCaLjGrRK8T/vF6mB1d+zuI00zQm80ODjCOdoKIHFDFJieYTQzCRzGRFZIQlJtq0VTUluItfXibeecN1Gu7dRb15XdZRgSM4hlNw4RKacAstaAOBR3iGV3iznqwX6936mI+uWOXOIfy B9fkD20qTuA==</latexit>
u,uhid
<latexit sha1_base64="UO6spgXZarocGO1zBKohmEwCj+c=">AAACDHicbZDNSsNAFIVv 6l+tf1WXbgaL4EJKIoIuXBTcuKxgW6ENZTKZtENnkjAzEUrIA7jxVdy4UMStD+DOt3GSBtTWAwMf597L3Hu8mDOlbfvLqiwtr6yuVddrG5tb2zv13b2uihJJaIdEPJJ3HlaUs5B2NNOc3sWS YuFx2vMmV3m9d0+lYlF4q6cxdQUehSxgBGtjDeuNgcB67AVpkp2gHx4WKEU6Zn5muuymXQgtglNCA0q1h/XPgR+RRNBQE46V6jt2rN0US80Ip1ltkCgaYzLBI9o3GGJBlZsWx2ToyDg+CiJp XqhR4f6eSLFQaio805nvqOZruflfrZ/o4MJNWRgnmoZk9lGQcKQjlCeDfCYp0XxqABPJzK6IjLHERJv8aiYEZ/7kReieNh276dycNVqXZRxVOIBDOAYHzqEF19CGDhB4gCd4gVfr0Xq23qz 3WWvFKmf24Y+sj28GGpw2</latexit><latexit sha1_base64="UO6spgXZarocGO1zBKohmEwCj+c=">AAACDHicbZDNSsNAFIVv 6l+tf1WXbgaL4EJKIoIuXBTcuKxgW6ENZTKZtENnkjAzEUrIA7jxVdy4UMStD+DOt3GSBtTWAwMf597L3Hu8mDOlbfvLqiwtr6yuVddrG5tb2zv13b2uihJJaIdEPJJ3HlaUs5B2NNOc3sWS YuFx2vMmV3m9d0+lYlF4q6cxdQUehSxgBGtjDeuNgcB67AVpkp2gHx4WKEU6Zn5muuymXQgtglNCA0q1h/XPgR+RRNBQE46V6jt2rN0US80Ip1ltkCgaYzLBI9o3GGJBlZsWx2ToyDg+CiJp XqhR4f6eSLFQaio805nvqOZruflfrZ/o4MJNWRgnmoZk9lGQcKQjlCeDfCYp0XxqABPJzK6IjLHERJv8aiYEZ/7kReieNh276dycNVqXZRxVOIBDOAYHzqEF19CGDhB4gCd4gVfr0Xq23qz 3WWvFKmf24Y+sj28GGpw2</latexit><latexit sha1_base64="UO6spgXZarocGO1zBKohmEwCj+c=">AAACDHicbZDNSsNAFIVv 6l+tf1WXbgaL4EJKIoIuXBTcuKxgW6ENZTKZtENnkjAzEUrIA7jxVdy4UMStD+DOt3GSBtTWAwMf597L3Hu8mDOlbfvLqiwtr6yuVddrG5tb2zv13b2uihJJaIdEPJJ3HlaUs5B2NNOc3sWS YuFx2vMmV3m9d0+lYlF4q6cxdQUehSxgBGtjDeuNgcB67AVpkp2gHx4WKEU6Zn5muuymXQgtglNCA0q1h/XPgR+RRNBQE46V6jt2rN0US80Ip1ltkCgaYzLBI9o3GGJBlZsWx2ToyDg+CiJp XqhR4f6eSLFQaio805nvqOZruflfrZ/o4MJNWRgnmoZk9lGQcKQjlCeDfCYp0XxqABPJzK6IjLHERJv8aiYEZ/7kReieNh276dycNVqXZRxVOIBDOAYHzqEF19CGDhB4gCd4gVfr0Xq23qz 3WWvFKmf24Y+sj28GGpw2</latexit><latexit sha1_base64="UO6spgXZarocGO1zBKohmEwCj+c=">AAACDHicbZDNSsNAFIVv 6l+tf1WXbgaL4EJKIoIuXBTcuKxgW6ENZTKZtENnkjAzEUrIA7jxVdy4UMStD+DOt3GSBtTWAwMf597L3Hu8mDOlbfvLqiwtr6yuVddrG5tb2zv13b2uihJJaIdEPJJ3HlaUs5B2NNOc3sWS YuFx2vMmV3m9d0+lYlF4q6cxdQUehSxgBGtjDeuNgcB67AVpkp2gHx4WKEU6Zn5muuymXQgtglNCA0q1h/XPgR+RRNBQE46V6jt2rN0US80Ip1ltkCgaYzLBI9o3GGJBlZsWx2ToyDg+CiJp XqhR4f6eSLFQaio805nvqOZruflfrZ/o4MJNWRgnmoZk9lGQcKQjlCeDfCYp0XxqABPJzK6IjLHERJv8aiYEZ/7kReieNh276dycNVqXZRxVOIBDOAYHzqEF19CGDhB4gCd4gVfr0Xq23qz 3WWvFKmf24Y+sj28GGpw2</latexit>
Edge block Node block Global block
 u
<latexit sha1_base64="znt8hwWv6wryqwCugrweUa+jkM8=">AAAB7XicbVA9SwNBEJ3zM8avqG BjsxgEq3Bno4VFwMYygrkEkjPubfaSNXu7y+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvFhxZqzvf3tLyyura+uFjeLm1vbObmlvPzQy04TWieRSN2NsKGeC1i2znDaVpjiNOW3Eg6ux33ik2jApbu1Q 0SjFPcESRrB1UthWfXaXdUplv+JPgBZJMCPl6mH4dA8AtU7pq92VJEupsIRjY1qBr2yUY20Z4XRUbGeGKkwGuEdbjgqcUhPlk2tH6MQpXZRI7UpYNFF/T+Q4NWaYxq4zxbZv5r2x+J/XymxyEeVMqMxSQa aLkowjK9H4ddRlmhLLh45gopm7FZE+1phYF1DRhRDMv7xIwrNK4FeCG5fGJUxRgCM4hlMI4ByqcA01qAOBB3iGV3jzpPfivXsf09YlbzZzAH/gff4AqE6Qnw==</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+oo KNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVki bkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJm RqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+oo KNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVki bkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJm RqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="S5XnA5iYIAgqxiI+i0ptSwAiKP4=">AAAB7XicbVA9SwNBEJ2LXzF+RS 1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpxi mNCB5DFn1Dqp2U2H/CHrlSt+1Z+DrJIgJxXIUe+Vv7p9xbIEpWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVTSBE04mV87JWdO6ZNYaVfSkrn6e2JCE2PGSeQ6E2qHZtmbif95nczGV+GEyzSzKNliUZwJYh WZvU76XCOzYuwIZZq7WwkbUk2ZdQGVXAjB8surpHlRDfxqcOdXatd5HEU4gVM4hwAuoQa3UIcGMHiEZ3iFN095L96797FoLXj5zDH8gff5A53Djxw=</latexit>
<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++ x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/ MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/ MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwV qb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>
 v
<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2L XzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeN aHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLb mWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKn SkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3r M8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnE SCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpn SWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5 +AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3r M8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnE SCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpn SWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5 +AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3z M8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmN bmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3 E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</l atexit>
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(b) Independent recurrent block
Edge block Node block Global block
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<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZ maFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqUL WnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXm VkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSk DBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXm VkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSk DBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc 1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwVqb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJ dZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>
 v
<latexit sha1_base64="HCiXjOq04H3f4E d7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2LXzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYv WbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3 DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeNaHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/d Dztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUs FTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLbmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyP R5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNag DgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKnSkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYP VKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJ mNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2 S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC37 9G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5 pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6 Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbi GGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYP VKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJ mNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2 S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC37 9G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5 pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6 Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbi GGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1 z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsma vd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPj htWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdx t1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fz aKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnC GcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7z Cm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</latexit>
⇢e!v
<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0= ">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZe UHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tl HnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5z XVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0= ">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZe UHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tl HnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5z XVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0= ">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZe UHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tl HnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5z XVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0= ">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZe UHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tl HnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5z XVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>
 e
<latexit sha1_base64="gRKFy+QFytmwqW y0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaS NXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLe vq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/D TqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJ j1EE+uXZETqzSJZFUthJDJurviZzGWg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT 8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sD gAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2 nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxN xszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3v lHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQ tFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrF J8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE 6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2 nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxN xszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3v lHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQ tFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrF J8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE 6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUe Wp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es 2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+P mkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF7 5Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5td OyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18i sGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7 hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>
E
<latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit>
V
<latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit>
(c) Message-passing neural network
Edge block Node block Global block
V 0
<latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2L XzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD 8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n /ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latex it><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2L XzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD 8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n /ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latex it><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2L XzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD 8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n /ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latex it><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2L XzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD 8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n /ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latex it>
<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++ x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/ MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/ MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwV qb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>
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<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2L XzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeN aHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiL bmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKn SkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3r M8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnE SCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVp nSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5 +AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3r M8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnE SCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVp nSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5 +AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3z M8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmN bmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI 3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</l atexit>
⇢e!v
<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+ giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLI dGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd 6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+ giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLI dGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd 6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+ giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLI dGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd 6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+ giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLI dGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd 6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>
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<latexit sha1_base64="gRKFy+QFytmwqWy0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3z M8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaSNXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLevq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1w cDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/DTqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJj1EE+uXZETqzSJZFUthJDJurviZzGWg/j0Hb G1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sDgAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpC P</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2N rxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk 0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRa HtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8 /TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2N rxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk 0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRa HtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8 /TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUeWp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2L XzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWj m5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF75Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5tdOyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZ m4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18isGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</l atexit>
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(d) Non-local neural network
Edge block Node block Global block
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<latexit sha1_base64="gRKFy+QFytmwqW y0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaS NXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLe vq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/D TqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJ j1EE+uXZETqzSJZFUthJDJurviZzGWg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT 8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sD gAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2 nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxN xszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3v lHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQ tFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrF J8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE 6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2 nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxN xszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3v lHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQ tFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrF J8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE 6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUe Wp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es 2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+P mkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF7 5Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5td OyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18i sGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7 hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>
E
<latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit><latexit sha1_base 64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I OHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiF d/kjf/jds2B219MPB4b4aZeUEiuDau++0U1t Y3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGg WX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT +iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/u oNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyM R1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMR lpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliU ZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2 RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4g hrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A +fzB5cfjMM=</latexit>
V
<latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit><latexit sha1_base 64="xc4uzoZiBSxZUZkArgltxczS6nM=">AA AB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiI VFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIr b+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNj a3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGg WX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT +iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/ WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZh I6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI 62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5K EwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUb Aje6svrpH1V9dyq17yu1G/zOIpwBudwCR7Uo A730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+w Pn8AbDjjNQ=</latexit>
(e) Relation network
Edge block Node block Global block
u0
<latexit sha1_base64="Z/n1gIms2/ONBt0R58c8NGdBbqU=">AAAB8nicbVDLSsNAFL2p r1pfVZduBovoqiQi6MJFwY3LCvYBbSiT6aQdOpmEmRuhhH6GGxeKuPVr3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4J Jne533ni2ohYPeI04X5ER0qEglG0Uq8fURwHYZbOzgfVmlt35yCrxCtIDQo0B9Wv/jBmacQVMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZqmjEjZ/NI8/ImVWGJIy1fQrJXP29kdHImGkU2Mk 8oln2cvE/r5dieONnQiUpcsUWH4WpJBiT/H4yFJozlFNLKNPCZiVsTDVlaFuq2BK85ZNXSfuy7rl17+Gq1rgt6ijDCZzCBXhwDQ24hya0gEEMz/AKbw46L86787EYLTnFzjH8gfP5A1s4kUQ =</latexit><latexit sha1_base64="Z/n1gIms2/ONBt0R58c8NGdBbqU=">AAAB8nicbVDLSsNAFL2p r1pfVZduBovoqiQi6MJFwY3LCvYBbSiT6aQdOpmEmRuhhH6GGxeKuPVr3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4J Jne533ni2ohYPeI04X5ER0qEglG0Uq8fURwHYZbOzgfVmlt35yCrxCtIDQo0B9Wv/jBmacQVMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZqmjEjZ/NI8/ImVWGJIy1fQrJXP29kdHImGkU2Mk 8oln2cvE/r5dieONnQiUpcsUWH4WpJBiT/H4yFJozlFNLKNPCZiVsTDVlaFuq2BK85ZNXSfuy7rl17+Gq1rgt6ijDCZzCBXhwDQ24hya0gEEMz/AKbw46L86787EYLTnFzjH8gfP5A1s4kUQ =</latexit><latexit sha1_base64="Z/n1gIms2/ONBt0R58c8NGdBbqU=">AAAB8nicbVDLSsNAFL2p r1pfVZduBovoqiQi6MJFwY3LCvYBbSiT6aQdOpmEmRuhhH6GGxeKuPVr3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4J Jne533ni2ohYPeI04X5ER0qEglG0Uq8fURwHYZbOzgfVmlt35yCrxCtIDQo0B9Wv/jBmacQVMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZqmjEjZ/NI8/ImVWGJIy1fQrJXP29kdHImGkU2Mk 8oln2cvE/r5dieONnQiUpcsUWH4WpJBiT/H4yFJozlFNLKNPCZiVsTDVlaFuq2BK85ZNXSfuy7rl17+Gq1rgt6ijDCZzCBXhwDQ24hya0gEEMz/AKbw46L86787EYLTnFzjH8gfP5A1s4kUQ =</latexit><latexit sha1_base64="Z/n1gIms2/ONBt0R58c8NGdBbqU=">AAAB8nicbVDLSsNAFL2p r1pfVZduBovoqiQi6MJFwY3LCvYBbSiT6aQdOpmEmRuhhH6GGxeKuPVr3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4J Jne533ni2ohYPeI04X5ER0qEglG0Uq8fURwHYZbOzgfVmlt35yCrxCtIDQo0B9Wv/jBmacQVMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZqmjEjZ/NI8/ImVWGJIy1fQrJXP29kdHImGkU2Mk 8oln2cvE/r5dieONnQiUpcsUWH4WpJBiT/H4yFJozlFNLKNPCZiVsTDVlaFuq2BK85ZNXSfuy7rl17+Gq1rgt6ijDCZzCBXhwDQ24hya0gEEMz/AKbw46L86787EYLTnFzjH8gfP5A1s4kUQ =</latexit> u
<latexit sha1_base64="znt8hwWv6wryqwCugrweUa+jkM8=">AAAB7XicbVA9SwNBEJ3zM8avqG BjsxgEq3Bno4VFwMYygrkEkjPubfaSNXu7y+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvFhxZqzvf3tLyyura+uFjeLm1vbObmlvPzQy04TWieRSN2NsKGeC1i2znDaVpjiNOW3Eg6ux33ik2jApbu1Q 0SjFPcESRrB1UthWfXaXdUplv+JPgBZJMCPl6mH4dA8AtU7pq92VJEupsIRjY1qBr2yUY20Z4XRUbGeGKkwGuEdbjgqcUhPlk2tH6MQpXZRI7UpYNFF/T+Q4NWaYxq4zxbZv5r2x+J/XymxyEeVMqMxSQa aLkowjK9H4ddRlmhLLh45gopm7FZE+1phYF1DRhRDMv7xIwrNK4FeCG5fGJUxRgCM4hlMI4ByqcA01qAOBB3iGV3jzpPfivXsf09YlbzZzAH/gff4AqE6Qnw==</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+oo KNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVki bkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJm RqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+oo KNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVki bkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJm RqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="S5XnA5iYIAgqxiI+i0ptSwAiKP4=">AAAB7XicbVA9SwNBEJ2LXzF+RS 1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpxi mNCB5DFn1Dqp2U2H/CHrlSt+1Z+DrJIgJxXIUe+Vv7p9xbIEpWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVTSBE04mV87JWdO6ZNYaVfSkrn6e2JCE2PGSeQ6E2qHZtmbif95nczGV+GEyzSzKNliUZwJYh WZvU76XCOzYuwIZZq7WwkbUk2ZdQGVXAjB8surpHlRDfxqcOdXatd5HEU4gVM4hwAuoQa3UIcGMHiEZ3iFN095L96797FoLXj5zDH8gff5A53Djxw=</latexit>
⇢v!u
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(f) Deep set
Figure 4: Different internal GN block configurations. See Section 3.2 for details on the notation,
and Section 4 for details about each variant. (a) A full GN predicts node, edge, and global output
attributes based on incoming node, edge, and global attributes. (b) An independent, recurrent
update block takes input and hidden graphs, and the φ functions are RNNs (Sanchez-Gonzalez
et al., 2018). (c) An MPNN (Gilmer et al., 2017) predicts node, edge, and global output attributes
based on incoming node, edge, and global attributes. Note that the global prediction does not
include aggregated edges. (d) A NLNN (Wang et al., 2018c) only predicts node output attributes.
(e) A relation network (Raposo et al., 2017; Santoro et al., 2017) only uses the edge predictions
to predict global attributes. (f) A Deep Set (Zaheer et al., 2017) bypasses the edge update and
predicts updated global attributes.
4.2.1 Message-passing neural network (MPNN)
Gilmer et al. (2017)’s MPNN generalizes a number of previous architectures and can be translated
naturally into the GN formalism. Following the MPNN paper’s terminology (see Gilmer et al.
(2017), pages 2-4):
◦ the message function, Mt, plays the role of the GN’s φe, but does not take u as input,
◦ elementwise summation is used for the GN’s ρe→v,
◦ the update function, Ut, plays the role of the GN’s φv,
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↵e
<latexit sha1_base64="mjs48M94BmT64MLe6tKpQUPkNJM=">AAAB73i cbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwjmA9IzjC3mUuW7O2du3tCCPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmhang2njet7Oyura+sVnYKm7v7O7t lw4OGzrJFKM6S0SiWiFqElxS3XAjqJUqwjgU1AyHN1O/+URK80Tem1FKQYx9ySPO0Fip1UGRDvCBuqWyV/FmcJeJn5My5Kh1S1+dXsKymKRhArVu+15qg jEqw5mgSbGTaUqRDbFPbUslxqSD8ezeiXtqlZ4bJcqWNO5M/T0xxljrURzazhjNQC96U/E/r52Z6CoYc5lmhiSbL4oy4ZrEnT7v9rgiZsTIEmSK21tdNk CFzNiIijYEf/HlZdI4r/hexb+7KFev8zgKcAwncAY+XEIVbqEGdWAg4Ble4c15dF6cd+dj3rri5DNH8AfO5w8AXY/p</latexit><latexit sha1_base64="mjs48M94BmT64MLe6tKpQUPkNJM=">AAAB73i cbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwjmA9IzjC3mUuW7O2du3tCCPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmhang2njet7Oyura+sVnYKm7v7O7t lw4OGzrJFKM6S0SiWiFqElxS3XAjqJUqwjgU1AyHN1O/+URK80Tem1FKQYx9ySPO0Fip1UGRDvCBuqWyV/FmcJeJn5My5Kh1S1+dXsKymKRhArVu+15qg jEqw5mgSbGTaUqRDbFPbUslxqSD8ezeiXtqlZ4bJcqWNO5M/T0xxljrURzazhjNQC96U/E/r52Z6CoYc5lmhiSbL4oy4ZrEnT7v9rgiZsTIEmSK21tdNk CFzNiIijYEf/HlZdI4r/hexb+7KFev8zgKcAwncAY+XEIVbqEGdWAg4Ble4c15dF6cd+dj3rri5DNH8AfO5w8AXY/p</latexit><latexit sha1_base64="mjs48M94BmT64MLe6tKpQUPkNJM=">AAAB73i cbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwjmA9IzjC3mUuW7O2du3tCCPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmhang2njet7Oyura+sVnYKm7v7O7t lw4OGzrJFKM6S0SiWiFqElxS3XAjqJUqwjgU1AyHN1O/+URK80Tem1FKQYx9ySPO0Fip1UGRDvCBuqWyV/FmcJeJn5My5Kh1S1+dXsKymKRhArVu+15qg jEqw5mgSbGTaUqRDbFPbUslxqSD8ezeiXtqlZ4bJcqWNO5M/T0xxljrURzazhjNQC96U/E/r52Z6CoYc5lmhiSbL4oy4ZrEnT7v9rgiZsTIEmSK21tdNk CFzNiIijYEf/HlZdI4r/hexb+7KFev8zgKcAwncAY+XEIVbqEGdWAg4Ble4c15dF6cd+dj3rri5DNH8AfO5w8AXY/p</latexit><latexit sha1_base64="mjs48M94BmT64MLe6tKpQUPkNJM=">AAAB73i cbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwjmA9IzjC3mUuW7O2du3tCCPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmhang2njet7Oyura+sVnYKm7v7O7t lw4OGzrJFKM6S0SiWiFqElxS3XAjqJUqwjgU1AyHN1O/+URK80Tem1FKQYx9ySPO0Fip1UGRDvCBuqWyV/FmcJeJn5My5Kh1S1+dXsKymKRhArVu+15qg jEqw5mgSbGTaUqRDbFPbUslxqSD8ezeiXtqlZ4bJcqWNO5M/T0xxljrURzazhjNQC96U/E/r52Z6CoYc5lmhiSbL4oy4ZrEnT7v9rgiZsTIEmSK21tdNk CFzNiIijYEf/HlZdI4r/hexb+7KFev8zgKcAwncAY+XEIVbqEGdWAg4Ble4c15dF6cd+dj3rri5DNH8AfO5w8AXY/p</latexit>
 e
<latexit sha1_base64="EsSika+7GeuHZg/021QVL5D37Tg=">AAAB7 nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS8eI5gHJGuYnfQmQ2YfzPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7glRJQ6777RTW1jc2t4rbp Z3dvf2D8uFR0ySZFtgQiUp0O+AGlYyxQZIUtlONPAoUtoLR7cxvPaE2MokfaJyiH/FBLEMpOFmp1Q2Q+CP2yhW36s7BVomXkwrkqPfKX91+IrIIYx KKG9Px3JT8CdckhcJpqZsZTLkY8QF2LI15hMafzM+dsjOr9FmYaFsxsbn6e2LCI2PGUWA7I05Ds+zNxP+8TkbhtT+RcZoRxmKxKMwUo4TNfmd9qV GQGlvChZb2ViaGXHNBNqGSDcFbfnmVNC+qnlv17i8rtZs8jiKcwCmcgwdXUIM7qEMDBIzgGV7hzUmdF+fd+Vi0Fpx85hj+wPn8ATfaj3U=</latex it><latexit sha1_base64="EsSika+7GeuHZg/021QVL5D37Tg=">AAAB7 nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS8eI5gHJGuYnfQmQ2YfzPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7glRJQ6777RTW1jc2t4rbp Z3dvf2D8uFR0ySZFtgQiUp0O+AGlYyxQZIUtlONPAoUtoLR7cxvPaE2MokfaJyiH/FBLEMpOFmp1Q2Q+CP2yhW36s7BVomXkwrkqPfKX91+IrIIYx KKG9Px3JT8CdckhcJpqZsZTLkY8QF2LI15hMafzM+dsjOr9FmYaFsxsbn6e2LCI2PGUWA7I05Ds+zNxP+8TkbhtT+RcZoRxmKxKMwUo4TNfmd9qV GQGlvChZb2ViaGXHNBNqGSDcFbfnmVNC+qnlv17i8rtZs8jiKcwCmcgwdXUIM7qEMDBIzgGV7hzUmdF+fd+Vi0Fpx85hj+wPn8ATfaj3U=</latex it><latexit sha1_base64="EsSika+7GeuHZg/021QVL5D37Tg=">AAAB7 nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS8eI5gHJGuYnfQmQ2YfzPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7glRJQ6777RTW1jc2t4rbp Z3dvf2D8uFR0ySZFtgQiUp0O+AGlYyxQZIUtlONPAoUtoLR7cxvPaE2MokfaJyiH/FBLEMpOFmp1Q2Q+CP2yhW36s7BVomXkwrkqPfKX91+IrIIYx KKG9Px3JT8CdckhcJpqZsZTLkY8QF2LI15hMafzM+dsjOr9FmYaFsxsbn6e2LCI2PGUWA7I05Ds+zNxP+8TkbhtT+RcZoRxmKxKMwUo4TNfmd9qV GQGlvChZb2ViaGXHNBNqGSDcFbfnmVNC+qnlv17i8rtZs8jiKcwCmcgwdXUIM7qEMDBIzgGV7hzUmdF+fd+Vi0Fpx85hj+wPn8ATfaj3U=</latex it><latexit sha1_base64="EsSika+7GeuHZg/021QVL5D37Tg=">AAAB7 nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS8eI5gHJGuYnfQmQ2YfzPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7glRJQ6777RTW1jc2t4rbp Z3dvf2D8uFR0ySZFtgQiUp0O+AGlYyxQZIUtlONPAoUtoLR7cxvPaE2MokfaJyiH/FBLEMpOFmp1Q2Q+CP2yhW36s7BVomXkwrkqPfKX91+IrIIYx KKG9Px3JT8CdckhcJpqZsZTLkY8QF2LI15hMafzM+dsjOr9FmYaFsxsbn6e2LCI2PGUWA7I05Ds+zNxP+8TkbhtT+RcZoRxmKxKMwUo4TNfmd9qV GQGlvChZb2ViaGXHNBNqGSDcFbfnmVNC+qnlv17i8rtZs8jiKcwCmcgwdXUIM7qEMDBIzgGV7hzUmdF+fd+Vi0Fpx85hj+wPn8ATfaj3U=</latex it>
⇢e!v
<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN 3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1U AokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZ vaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN 3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1U AokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZ vaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN 3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1U AokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZ vaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN 3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1U AokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh +HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZ vaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>
 e
<latexit sha1_base64="gRKFy+QFytmwqWy0cvo5FmmPz8I=" >AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaSNXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDA VXBvX/XaWlldW19YLG8XNre2d3dLevq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/D TqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJj1EE+uXZETqzSJZFUthJDJurviZzG Wg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO 4RQ8OIcqXEMN6sDgAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=" >AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/f eE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6e yEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiii Q3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=" >AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/f eE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gB u4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6e yEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiii Q3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUeWp/G4byg43mK0=" >AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1L BjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF7 5Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5tdOyZlT+iRW2pW0ZK7+npjQxJhxErnO hNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18isGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBL qMEt1KEBDB7hGV7hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>
<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2r jul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8O d56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4N q47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriH R3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4N q47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriH R3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2 vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwVqb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiu eeXMCfyB9/kDCGmMcA==</latexit>
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Figure 5: NLNNs as GNs. A schematic showing how NLNNs (Wang et al., 2018c) are implemented
by the φe and ρe→v under the GN framework. Typically, NLNNs assume that different regions of
an image (or words in a sentence) correspond to nodes in a fully connected graph, and the attention
mechanism defines a weighted sum over nodes during the aggregation step.
◦ the readout function, R, plays the role of the GN’s φu, but does not take u or E′ as input,
and thus an analog to the GN’s ρe→u is not required;
◦ dmaster serves a roughly similar purpose to the GN’s u, but is defined as an extra node
connected to all others, and thus does not influence the edge and global updates directly. It
can then be represented in the GN’s V .
Figure 4c shows how an MPNN is structured, according to the GN framework. For details and
various MPNN architectures, see the Appendix.
4.2.2 Non-local neural networks (NLNN)
Wang et al. (2018c)’s NLNN, which unifies various “intra-/self-/vertex-/graph-attention” approaches
(Lin et al., 2017; Vaswani et al., 2017; Hoshen, 2017; Velicˇkovic´ et al., 2018; Shaw et al., 2018),
can also be translated into the GN formalism. The label “attention” refers to how the nodes are
updated: each node update is based on a weighted sum of (some function of) the node attributes of
its neighbors, where the weight between a node and one of its neighbors is computed by a scalar
pairwise function between their attributes (and then normalized across neighbors). The published
NLNN formalism does not explicitly include edges, and instead computes pairwise attention weights
between all nodes. But various NLNN-compliant models, such as the vertex attention interaction
network (Hoshen, 2017) and graph attention network (Velicˇkovic´ et al., 2018), are able to handle
explicit edges by effectively setting to zero the weights between nodes which do not share an edge.
As Figures 4d and 5 illustrate, the φe is factored into the scalar pairwise-interaction function
which returns the unnormalized attention term, denoted αe (vrk ,vsk) = a
′
k, and a vector-valued
non-pairwise term, denoted βe (vsk) = b
′
k. In the ρ
e→v aggregation, the a′k terms are normalized
across each receiver’s edges, b′k, and elementwise summed:
φe (ek,vrk ,vsk ,u) := f
e (vrk ,vsk) = (α
e (vrk ,vsk) , β
e (vsk)) = (a
′
k,b
′
k) = e
′
k
φv
(
e¯′i,vi,u
)
:= fv(e¯′i)
ρe→v
(
E′i
)
:=
1∑
{k: rk=i} a
′
k
∑
{k: rk=i}
a′kb
′
k
In the NLNN paper’s terminology (see Wang et al. (2018c), pages 2-4):
◦ their f plays the role of the above α,
17
◦ their g plays the role of the above β.
This formulation may be helpful for focusing only on those interactions which are most relevant for
the downstream task, especially when the input entities were a set, from which a graph was formed
by adding all possible edges between them.
Vaswani et al. (2017)’s multi-headed self-attention mechanism adds an interesting feature, where
the φe and ρe→v are implemented by a parallel set of functions, whose results are concatenated
together as the final step of ρe→v. This can be interpreted as using typed edges, where the different
types index into different φe component functions, analogous to Li et al. (2016).
For details and various NLNN architectures, see the Appendix.
4.2.3 Other graph network variants
The full GN (Equation 2) can be used to predict a full graph, or any subset of (u′, V ′, E′), as
outlined in Section 4.1.1. For example, to predict a global property of a graph, V ′ and E′ can just
be ignored. Similarly, if global, node, or edge attributes are unspecified in the inputs, those vectors
can be zero-length, i.e., not taken as explicit input arguments. The same idea applies for other GN
variants which do not use the full set of mapping (φ) and reduction (ρ) functions. For instance,
Interaction Networks (Battaglia et al., 2016; Watters et al., 2017) and the Neural Physics Engine
(Chang et al., 2017) use a full GN but for the absence of the global to update the edge properties
(see Appendix for details).
Various models, including CommNet (Sukhbaatar et al., 2016), structure2vec (Dai et al., 2016)
(in the version of (Dai et al., 2017)), and Gated Graph Sequence Neural Networks (Li et al., 2016)
have used a φe which does not directly compute pairwise interactions, but instead ignore the receiver
node, operating only on the sender node and in some cases an edge attribute. This can be expressed
by implementations of φe with the following signatures, such as:
φe (ek,vrk ,vsk ,u) := f
e (vsk)
or φe (ek,vrk ,vsk ,u) := vsk + f
e (ek)
or φe (ek,vrk ,vsk ,u) := f
e (ek,vsk) .
See the Appendix for further details.
Relation Networks (Raposo et al., 2017; Santoro et al., 2017) bypass the node update entirely
and predict the global output from pooled edge information directly (see also Figure 4e),
φe (ek,vrk ,vsk ,u) := f
e (vrk ,vsk) = NNe ([vrk ,vsk ])
φu
(
e¯′, v¯′,u
)
:= fu
(
e¯′
)
= NNu
(
e¯′
)
ρe→u
(
E′
)
:= =
∑
k
e′k
Deep Sets (Zaheer et al., 2017) bypass the edges update completely and predict the global output
from pooled nodes information directly (Figure 4f),
φv (e¯i,vi,u) := f
v (vi,u) = NNv ([vi,u])
φu
(
e¯′, v¯′,u
)
:= fu
(
v¯′
)
= NNu
(
v¯′
)
ρv→u
(
V ′
)
:= =
∑
i
v′i
PointNet (Qi et al., 2017) use similar update rule, with a max-aggregation for ρv→u and a two-step
node update.
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GM<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw0 7vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2H RKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw0 7vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2H RKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw0 7vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2H RKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw0 7vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2H RKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>
G0
<latexit sha1_base64= "vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPs bfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3 gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa 8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I 1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcj X75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi 7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYz ojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5g zlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1m pX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3Rzovzrvz sWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64= "vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPs bfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3 gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa 8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I 1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcj X75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi 7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYz ojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5g zlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1m pX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3Rzovzrvz sWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64= "vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPs bfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3 gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa 8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I 1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcj X75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi 7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYz ojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5g zlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1m pX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3Rzovzrvz sWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64= "vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPs bfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3 gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa 8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I 1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcj X75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi 7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYz ojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5g zlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1m pX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3Rzovzrvz sWgtOPnMMfyB8/kDvamNaA==</latexit>
GNcore<latexit sha1_base64="sfcetjjriA53KVhP8LRk SGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3 Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71 EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4Nhh KnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+ J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUc gWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRk SGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3 Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71 EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4Nhh KnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+ J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUc gWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRk SGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3 Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71 EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4Nhh KnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+ J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUc gWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRk SGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3 Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71 EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4Nhh KnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+ J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUc gWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>
⇥M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZX rwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxU MTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMn bieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGt Px3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89 jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAF NbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZX rwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxU MTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMn bieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGt Px3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89 jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAF NbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZX rwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxU MTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMn bieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGt Px3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89 jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAF NbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZX rwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxU MTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMn bieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGt Px3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89 jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAF NbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>
(a) Composition of GN blocks
GNenc<latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFc lUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2o AjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEIQl NVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFc lUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2o AjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEIQl NVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFc lUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2o AjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEIQl NVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFc lUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2o AjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEIQl NVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit> GNdec<latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovg qiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m360 OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCEtq skI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovg qiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m360 OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCEtq skI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovg qiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m360 OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCEtq skI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovg qiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m360 OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCEtq skI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit>
GNcore<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFc lUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agC MzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjN CvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFc lUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agC MzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjN CvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFc lUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agC MzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjN CvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFc lUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agC MzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjN CvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>
⇥M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNg Fe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iy Lihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVo IyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNg Fe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iy Lihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVo IyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNg Fe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iy Lihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVo IyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNg Fe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iy Lihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVo IyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>
Gout<latexit sha1_base64="TKn8tu9S9/KYM9INqkcELhgYcuA=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4 KokIunBRcKHLCvYBbQiT6aQdOo8wc1MooX/ixoUibv0Td/6NkzYLrR4YOJxzL/fMiVPODPj+l1NZW9/Y3Kpu13Z29/YP3MOjjlGZJrRNFFe6F2NDOZO0DQw47aWaYhFz2o0nt4XfnVJtmJKPMEtpKPBIsoQRDFaKXPcuyg cCw1iLXGUwn0du3W/4C3h/SVCSOirRitzPwVCRTFAJhGNj+oGfQphjDYxwOq8NMkNTTCZ4RPuWSiyoCfNF8rl3ZpWhlyhtnwRvof7cyLEwZiZiO1mENKteIf7n9TNIrsOcyTQDKsnyUJJxD5RX1OANmaYE+MwSTDSzWT0y xhoTsGXVbAnB6pf/ks5FI/AbwcNlvXlT1lFFJ+gUnaMAXaEmukct1EYETdETekGvTu48O2/O+3K04pQ7x+gXnI9vWWaUGA==</latexit><latexit sha1_base64="TKn8tu9S9/KYM9INqkcELhgYcuA=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4 KokIunBRcKHLCvYBbQiT6aQdOo8wc1MooX/ixoUibv0Td/6NkzYLrR4YOJxzL/fMiVPODPj+l1NZW9/Y3Kpu13Z29/YP3MOjjlGZJrRNFFe6F2NDOZO0DQw47aWaYhFz2o0nt4XfnVJtmJKPMEtpKPBIsoQRDFaKXPcuyg cCw1iLXGUwn0du3W/4C3h/SVCSOirRitzPwVCRTFAJhGNj+oGfQphjDYxwOq8NMkNTTCZ4RPuWSiyoCfNF8rl3ZpWhlyhtnwRvof7cyLEwZiZiO1mENKteIf7n9TNIrsOcyTQDKsnyUJJxD5RX1OANmaYE+MwSTDSzWT0y xhoTsGXVbAnB6pf/ks5FI/AbwcNlvXlT1lFFJ+gUnaMAXaEmukct1EYETdETekGvTu48O2/O+3K04pQ7x+gXnI9vWWaUGA==</latexit><latexit sha1_base64="TKn8tu9S9/KYM9INqkcELhgYcuA=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4 KokIunBRcKHLCvYBbQiT6aQdOo8wc1MooX/ixoUibv0Td/6NkzYLrR4YOJxzL/fMiVPODPj+l1NZW9/Y3Kpu13Z29/YP3MOjjlGZJrRNFFe6F2NDOZO0DQw47aWaYhFz2o0nt4XfnVJtmJKPMEtpKPBIsoQRDFaKXPcuyg cCw1iLXGUwn0du3W/4C3h/SVCSOirRitzPwVCRTFAJhGNj+oGfQphjDYxwOq8NMkNTTCZ4RPuWSiyoCfNF8rl3ZpWhlyhtnwRvof7cyLEwZiZiO1mENKteIf7n9TNIrsOcyTQDKsnyUJJxD5RX1OANmaYE+MwSTDSzWT0y xhoTsGXVbAnB6pf/ks5FI/AbwcNlvXlT1lFFJ+gUnaMAXaEmukct1EYETdETekGvTu48O2/O+3K04pQ7x+gXnI9vWWaUGA==</latexit><latexit sha1_base64="TKn8tu9S9/KYM9INqkcELhgYcuA=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4 KokIunBRcKHLCvYBbQiT6aQdOo8wc1MooX/ixoUibv0Td/6NkzYLrR4YOJxzL/fMiVPODPj+l1NZW9/Y3Kpu13Z29/YP3MOjjlGZJrRNFFe6F2NDOZO0DQw47aWaYhFz2o0nt4XfnVJtmJKPMEtpKPBIsoQRDFaKXPcuyg cCw1iLXGUwn0du3W/4C3h/SVCSOirRitzPwVCRTFAJhGNj+oGfQphjDYxwOq8NMkNTTCZ4RPuWSiyoCfNF8rl3ZpWhlyhtnwRvof7cyLEwZiZiO1mENKteIf7n9TNIrsOcyTQDKsnyUJJxD5RX1OANmaYE+MwSTDSzWT0y xhoTsGXVbAnB6pf/ks5FI/AbwcNlvXlT1lFFJ+gUnaMAXaEmukct1EYETdETekGvTu48O2/O+3K04pQ7x+gXnI9vWWaUGA==</latexit>Ginp
<latexit sha1_base64="mvYjY6mgtt6w2Efm7YMP3XaOQ7I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbB VZkRQRcuCi50WcE+oB2GTJppQ5PMkGQKZeifuHGhiFv/xJ1/Y6adhVYPBA7n3EvOPVHKmTae9+VU1tY3Nreq27Wd3b39A/fwqKOTTBHaJglPVC/CmnImadsww2kvVRSLiNNuNLkt/O6UKs0S+WhmKQ0EHkkWM4KNlULXvQ vzgcBmrETOZDqfh27da3gLoL/EL0kdSrRC93MwTEgmqDSEY637vpeaIMfKMMLpvDbINE0xmeAR7VsqsaA6yBfJ5+jMKkMUJ8o+adBC/bmRY6H1TER2sgipV71C/M/rZya+DoqLMkMlWX4UZxyZBBU1oCFTlBg+swQTxWxW RMZYYWJsWTVbgr968l/SuWj4XsN/uKw3b8o6qnACp3AOPlxBE+6hBW0gMIUneIFXJ3eenTfnfTlaccqdY/gF5+MbP22UBw==</latexit><latexit sha1_base64="mvYjY6mgtt6w2Efm7YMP3XaOQ7I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbB VZkRQRcuCi50WcE+oB2GTJppQ5PMkGQKZeifuHGhiFv/xJ1/Y6adhVYPBA7n3EvOPVHKmTae9+VU1tY3Nreq27Wd3b39A/fwqKOTTBHaJglPVC/CmnImadsww2kvVRSLiNNuNLkt/O6UKs0S+WhmKQ0EHkkWM4KNlULXvQ vzgcBmrETOZDqfh27da3gLoL/EL0kdSrRC93MwTEgmqDSEY637vpeaIMfKMMLpvDbINE0xmeAR7VsqsaA6yBfJ5+jMKkMUJ8o+adBC/bmRY6H1TER2sgipV71C/M/rZya+DoqLMkMlWX4UZxyZBBU1oCFTlBg+swQTxWxW RMZYYWJsWTVbgr968l/SuWj4XsN/uKw3b8o6qnACp3AOPlxBE+6hBW0gMIUneIFXJ3eenTfnfTlaccqdY/gF5+MbP22UBw==</latexit><latexit sha1_base64="mvYjY6mgtt6w2Efm7YMP3XaOQ7I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbB VZkRQRcuCi50WcE+oB2GTJppQ5PMkGQKZeifuHGhiFv/xJ1/Y6adhVYPBA7n3EvOPVHKmTae9+VU1tY3Nreq27Wd3b39A/fwqKOTTBHaJglPVC/CmnImadsww2kvVRSLiNNuNLkt/O6UKs0S+WhmKQ0EHkkWM4KNlULXvQ vzgcBmrETOZDqfh27da3gLoL/EL0kdSrRC93MwTEgmqDSEY637vpeaIMfKMMLpvDbINE0xmeAR7VsqsaA6yBfJ5+jMKkMUJ8o+adBC/bmRY6H1TER2sgipV71C/M/rZya+DoqLMkMlWX4UZxyZBBU1oCFTlBg+swQTxWxW RMZYYWJsWTVbgr968l/SuWj4XsN/uKw3b8o6qnACp3AOPlxBE+6hBW0gMIUneIFXJ3eenTfnfTlaccqdY/gF5+MbP22UBw==</latexit><latexit sha1_base64="mvYjY6mgtt6w2Efm7YMP3XaOQ7I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbB VZkRQRcuCi50WcE+oB2GTJppQ5PMkGQKZeifuHGhiFv/xJ1/Y6adhVYPBA7n3EvOPVHKmTae9+VU1tY3Nreq27Wd3b39A/fwqKOTTBHaJglPVC/CmnImadsww2kvVRSLiNNuNLkt/O6UKs0S+WhmKQ0EHkkWM4KNlULXvQ vzgcBmrETOZDqfh27da3gLoL/EL0kdSrRC93MwTEgmqDSEY637vpeaIMfKMMLpvDbINE0xmeAR7VsqsaA6yBfJ5+jMKkMUJ8o+adBC/bmRY6H1TER2sgipV71C/M/rZya+DoqLMkMlWX4UZxyZBBU1oCFTlBg+swQTxWxW RMZYYWJsWTVbgr968l/SuWj4XsN/uKw3b8o6qnACp3AOPlxBE+6hBW0gMIUneIFXJ3eenTfnfTlaccqdY/gF5+MbP22UBw==</latexit>
(b) Encode-process-decode
GNenc<latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBF clUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2 oAjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEI QlNVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBF clUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2 oAjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEI QlNVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBF clUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2 oAjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEI QlNVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit><latexit sha1_base64="KZY5NxgXVEC/q8QikcRvAbEAxBs=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBF clUQEXbgouNCVVLAPaEOYTKft0JlJmJkoJeZT3LhQxK1f4s6/cRKz0NYDA4dz7mXOPWHMqNKu+2UtLa+srq1XNqqbW9s7u3Ztr6OiRGLSxhGLZC9EijAqSFtTzUgvlgTxkJFuOL3M/e49kYpG4k7PYuJzNBZ0RDHSRgrs2 oAjPZE8vbrJgpQInAV23W24BZxF4pWkDiVagf05GEY44URozJBSfc+NtZ8iqSlmJKsOEkVihKdoTPqGCsSJ8tMieuYcGWXojCJpntBOof7eSBFXasZDM5kHVfNeLv7n9RM9OvdTKuJE51cVH40S5ujIyXtwhlQSrNnMEI QlNVkdPEESYW3aqpoSvPmTF0nnpOG5De/2tN68KOuowAEcwjF4cAZNuIYWtAHDAzzBC7xaj9az9Wa9/4wuWeXOPvyB9fENyBqUTg==</latexit> GNdec<latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m36 0OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCE tqskI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m36 0OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCE tqskI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m36 0OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCE tqskI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit><latexit sha1_base64="79QHnx4t/4kSfeuqQfRiz+zDMfI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiQi6MJFwYWupIJ9QBvCZDJph85MwsxEKTGf4saFIm79Enf+jZM2C209MHA4517umRMkjCrtON9WZWV1bX2julnb2t7Z3bPr+10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslV4fceiFQ0Fvd6mhCPo5GgEcVIG8m36 0OO9Fjy7Po297OQ4Ny3G07TmQEuE7ckDVCi7dtfwzDGKSdCY4aUGrhOor0MSU0xI3ltmCqSIDxBIzIwVCBOlJfNoufw2CghjGJpntBwpv7eyBBXasoDM1kEVYteIf7nDVIdXXgZFUmqicDzQ1HKoI5h0QMMqSRYs6khCE tqskI8RhJhbdqqmRLcxS8vk+5p03Wa7t1Zo3VZ1lEFh+AInAAXnIMWuAFt0AEYPIJn8ArerCfrxXq3PuajFavcOQB/YH3+ALjdlEQ=</latexit>
GNcore<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBF clUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3ag CMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrK jNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBF clUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3ag CMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrK jNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBF clUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3ag CMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrK jNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBF clUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3ag CMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrK jNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>
⇥M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7i yLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINW VoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7i yLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINW VoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7i yLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINW VoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoN gFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7i yLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINW VoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>
Gthid
<latexit sha1_base64="Vr1kZJh7jApVU4cGmtPimK4PPic=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBRe6rGAf0MYwmUzaoTOTMDMRagj+ihsXirj1P9z5N07aLLT1wMDhnHu5Z06QMKq043xblaXlld W16nptY3Nre8fe3euoOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4yvCr/7QKSisbjTk4R4HA0FjShG2ki+fXB9n+nczwYc6ZHk2YiGee7bdafhTAEXiVuSOijR8u2vQRjjlBOhMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbKhAnysum6XN4bJQQRrE0T2g4VX9vZIgrNeGBmSxCqnmvEP/z+qmOLryMiiTVRODZoShlUMewqAKGVBKs2cQQhCU1WSEeIYmwNoXVTAnu/JcXSee04ToN9/as3rws66iCQ3AEToALzkET3IAWaAMMHsEzeAVv1pP1Yr1bH 7PRilXu7IM/sD5/AI1Vlec=</latexit><latexit sha1_base64="Vr1kZJh7jApVU4cGmtPimK4PPic=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBRe6rGAf0MYwmUzaoTOTMDMRagj+ihsXirj1P9z5N07aLLT1wMDhnHu5Z06QMKq043xblaXlld W16nptY3Nre8fe3euoOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4yvCr/7QKSisbjTk4R4HA0FjShG2ki+fXB9n+nczwYc6ZHk2YiGee7bdafhTAEXiVuSOijR8u2vQRjjlBOhMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbKhAnysum6XN4bJQQRrE0T2g4VX9vZIgrNeGBmSxCqnmvEP/z+qmOLryMiiTVRODZoShlUMewqAKGVBKs2cQQhCU1WSEeIYmwNoXVTAnu/JcXSee04ToN9/as3rws66iCQ3AEToALzkET3IAWaAMMHsEzeAVv1pP1Yr1bH 7PRilXu7IM/sD5/AI1Vlec=</latexit><latexit sha1_base64="Vr1kZJh7jApVU4cGmtPimK4PPic=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBRe6rGAf0MYwmUzaoTOTMDMRagj+ihsXirj1P9z5N07aLLT1wMDhnHu5Z06QMKq043xblaXlld W16nptY3Nre8fe3euoOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4yvCr/7QKSisbjTk4R4HA0FjShG2ki+fXB9n+nczwYc6ZHk2YiGee7bdafhTAEXiVuSOijR8u2vQRjjlBOhMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbKhAnysum6XN4bJQQRrE0T2g4VX9vZIgrNeGBmSxCqnmvEP/z+qmOLryMiiTVRODZoShlUMewqAKGVBKs2cQQhCU1WSEeIYmwNoXVTAnu/JcXSee04ToN9/as3rws66iCQ3AEToALzkET3IAWaAMMHsEzeAVv1pP1Yr1bH 7PRilXu7IM/sD5/AI1Vlec=</latexit><latexit sha1_base64="Vr1kZJh7jApVU4cGmtPimK4PPic=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBRe6rGAf0MYwmUzaoTOTMDMRagj+ihsXirj1P9z5N07aLLT1wMDhnHu5Z06QMKq043xblaXlld W16nptY3Nre8fe3euoOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4yvCr/7QKSisbjTk4R4HA0FjShG2ki+fXB9n+nczwYc6ZHk2YiGee7bdafhTAEXiVuSOijR8u2vQRjjlBOhMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbKhAnysum6XN4bJQQRrE0T2g4VX9vZIgrNeGBmSxCqnmvEP/z+qmOLryMiiTVRODZoShlUMewqAKGVBKs2cQQhCU1WSEeIYmwNoXVTAnu/JcXSee04ToN9/as3rws66iCQ3AEToALzkET3IAWaAMMHsEzeAVv1pP1Yr1bH 7PRilXu7IM/sD5/AI1Vlec=</latexit>
Gt 1hid
<latexit sha1_base64="TTYaLKTJF7FnWkmBKBRepTsjYHc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSy CG0sigi5cFFzosoJ9QBvDZDJph85MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DMnSBhV2nG+rYXFpeWV1cpadX1jc2vb3tltqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrgq/80CkorG40+OEeBwNBI0oRtpIv r1/fZ/pEzf3sz5Heih5NqRhnvt2zak7E8B54pakBko0ffurH8Y45URozJBSPddJtJchqSlmJK/2U0UShEdoQHqGCsSJ8rJJ/hweGSWEUSzNExpO1N8bGeJKjXlgJouQatYrxP+8XqqjCy+jIkk1EXh6KEoZ1DEsyoAhlQ RrNjYEYUlNVoiHSCKsTWVVU4I7++V50j6tu07dvT2rNS7LOirgAByCY+CCc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx3R0wSp39sAfWJ8/b2WWWQ==</latexit><latexit sha1_base64="TTYaLKTJF7FnWkmBKBRepTsjYHc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSy CG0sigi5cFFzosoJ9QBvDZDJph85MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DMnSBhV2nG+rYXFpeWV1cpadX1jc2vb3tltqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrgq/80CkorG40+OEeBwNBI0oRtpIv r1/fZ/pEzf3sz5Heih5NqRhnvt2zak7E8B54pakBko0ffurH8Y45URozJBSPddJtJchqSlmJK/2U0UShEdoQHqGCsSJ8rJJ/hweGSWEUSzNExpO1N8bGeJKjXlgJouQatYrxP+8XqqjCy+jIkk1EXh6KEoZ1DEsyoAhlQ RrNjYEYUlNVoiHSCKsTWVVU4I7++V50j6tu07dvT2rNS7LOirgAByCY+CCc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx3R0wSp39sAfWJ8/b2WWWQ==</latexit><latexit sha1_base64="TTYaLKTJF7FnWkmBKBRepTsjYHc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSy CG0sigi5cFFzosoJ9QBvDZDJph85MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DMnSBhV2nG+rYXFpeWV1cpadX1jc2vb3tltqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrgq/80CkorG40+OEeBwNBI0oRtpIv r1/fZ/pEzf3sz5Heih5NqRhnvt2zak7E8B54pakBko0ffurH8Y45URozJBSPddJtJchqSlmJK/2U0UShEdoQHqGCsSJ8rJJ/hweGSWEUSzNExpO1N8bGeJKjXlgJouQatYrxP+8XqqjCy+jIkk1EXh6KEoZ1DEsyoAhlQ RrNjYEYUlNVoiHSCKsTWVVU4I7++V50j6tu07dvT2rNS7LOirgAByCY+CCc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx3R0wSp39sAfWJ8/b2WWWQ==</latexit><latexit sha1_base64="TTYaLKTJF7FnWkmBKBRepTsjYHc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSy CG0sigi5cFFzosoJ9QBvDZDJph85MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DMnSBhV2nG+rYXFpeWV1cpadX1jc2vb3tltqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrgq/80CkorG40+OEeBwNBI0oRtpIv r1/fZ/pEzf3sz5Heih5NqRhnvt2zak7E8B54pakBko0ffurH8Y45URozJBSPddJtJchqSlmJK/2U0UShEdoQHqGCsSJ8rJJ/hweGSWEUSzNExpO1N8bGeJKjXlgJouQatYrxP+8XqqjCy+jIkk1EXh6KEoZ1DEsyoAhlQ RrNjYEYUlNVoiHSCKsTWVVU4I7++V50j6tu07dvT2rNS7LOirgAByCY+CCc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx3R0wSp39sAfWJ8/b2WWWQ==</latexit>
Gtout
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(c) Recurrent GN architecture
Figure 6: (a) An example composing multiple GN blocks in sequence to form a GN “core”. Here,
the GN blocks can use shared weights, or they could be independent. (b) The encode-process-decode
architecture, which is a common choice for composing GN blocks (see Section 4.3). Here, a GN
encodes an input graph, which is then processed by a GN core. The output of the core is decoded
by a third GN block into an output graph, whose nodes, edges, and/or global attributes would be
used for task-specific purposes. (c) The encode-process-decode architecture applied in a sequential
setting in which the core is also unrolled over time (potentially using a GRU or LSTM architecture),
in addition to being repeated within each time step. Here, merged lines indicate concatenation, and
split lines indicate copying.
4.3 Composable multi-block architectures
A key design principle of graph networks is constructing complex architectures by composing GN
blocks. We defined a GN block as always taking a graph comprised of edge, node, and global
elements as input, and returning a graph with the same constituent elements as output (simply
passing through the input elements to the output when those elements are not explicitly updated).
This graph-to-graph input/output interface ensures that the output of one GN block can be passed
as input to another, even if their internal configurations are different, similar to the tensor-to-tensor
interface of the standard deep learning toolkit. In the most basic form, two GN blocks, GN1 and
GN2, can be composed as GN1 ◦ GN2 by passing the output of the first as input to the second:
G′ = GN2(GN1(G)).
Arbitrary numbers of GN blocks can be composed, as show in Figure 6a. The blocks can
be unshared (different functions and/or parameters, analogous to layers of a CNN), GN1 6=
GN2 6= · · · 6= GNM , or shared (reused functions and parameters, analogous to an unrolled RNN),
GN1 = GN2 = · · · = GNM . The white box around the GNcore in Figure 6a represents M repeated
internal processing sub-steps, with either shared or unshared GN blocks. Shared configurations
are analogous to message-passing (Gilmer et al., 2017), where the same local update procedure is
applied iteratively to propagate information across the structure (Figure 7). If we exclude the global
u (which aggregates information from across the nodes and edges), the information that a node
has access to after m steps of propagation is determined by the set of nodes and edges that are at
most m hops away. This can be interpreted as breaking down a complex computation into smaller
elementary steps. The steps can also be used to capture sequentiality in time. In our ball-spring
example, if each propagation step predicts the physical dynamics over one time step of duration ∆t,
then the M propagation steps result in a total simulation time of, M ·∆t.
A common architecture design is what we call the encode-process-decode configuration (Hamrick
et al. (2018); also see Figure 6ba): an input graph, Ginp is transformed into a latent representation,
G0, by an encoder, GNenc; a shared core block, GNcore, is applied M times to return GM ; and
finally an output graph, Gout, is decoded by GNdec. For example, in our running example, the
encoder might compute the initial forces and interaction energies between the balls, the core might
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m = 2
<latexit sha1_base64="oVNcNejQAm Vb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6Egh ePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t5 36iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9 u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpS wUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExm Rxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3Y jommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMI bEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAm Vb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6Egh ePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t5 36iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9 u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpS wUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExm Rxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3Y jommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMI bEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAm Vb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6Egh ePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t5 36iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9 u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpS wUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExm Rxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3Y jommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMI bEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAm Vb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6Egh ePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t5 36iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9 u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpS wUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExm Rxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3Y jommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMI bEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>
m = 3
<latexit sha1_base64="+jOsYdJ9SN JymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwY vHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8 b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e 3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpS wUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExm Rxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3Y joimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU 3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SN JymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwY vHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8 b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e 3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpS wUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExm Rxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3Y joimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU 3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SN JymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwY vHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8 b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e 3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpS wUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExm Rxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3Y joimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU 3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SN JymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwY vHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8 b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e 3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpS wUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExm Rxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3Y joimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU 3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>
m = 0
<latexit  sha1_base64="ic 6WezPV7TWar890N 1QnpVOPjNA=">AAA B6nicbVDLSgNBEOy NrxhfUY9eBoOQU9 gVQS9CwIvHiOYByR JmJ7PJkJnZZaZXC CGf4MWDIl79Im/+j ZNkDxotaCiquunu ilIpLPr+l1dYW9/Y 3Cpul3Z29/YPyodH LZtkhvEmS2RiOhG 1XArNmyhQ8k5qOFW R5O1ofDP324/cWJ HoB5ykPFR0qEUsGE Un3atrv1+u+DV/A fKXBDmpQI5Gv/zZG yQsU1wjk9TabuCn GE6pQcEkn5V6meUp ZWM65F1HNVXchtPF qTNy5pQBiRPjSiN ZqD8nplRZO1GR61Q UR3bVm4v/ed0M46 twKnSaIddsuSjOJM GEzP8mA2E4Qzlxh DIj3K2EjaihDF06J RdCsPryX9I6rwV+L bi7qNSreRxFOIFT qEIAl1CHW2hAExgM 4Qle4NWT3rP35r0 vWwtePnMMv+B9fAO 9341Y</latexit><latexit  sha1_base64="ic 6WezPV7TWar890N 1QnpVOPjNA=">AAA B6nicbVDLSgNBEOy NrxhfUY9eBoOQU9 gVQS9CwIvHiOYByR JmJ7PJkJnZZaZXC CGf4MWDIl79Im/+j ZNkDxotaCiquunu ilIpLPr+l1dYW9/Y 3Cpul3Z29/YPyodH LZtkhvEmS2RiOhG 1XArNmyhQ8k5qOFW R5O1ofDP324/cWJ HoB5ykPFR0qEUsGE Un3atrv1+u+DV/A fKXBDmpQI5Gv/zZG yQsU1wjk9TabuCn GE6pQcEkn5V6meUp ZWM65F1HNVXchtPF qTNy5pQBiRPjSiN ZqD8nplRZO1GR61Q UR3bVm4v/ed0M46 twKnSaIddsuSjOJM GEzP8mA2E4Qzlxh DIj3K2EjaihDF06J RdCsPryX9I6rwV+L bi7qNSreRxFOIFT qEIAl1CHW2hAExgM 4Qle4NWT3rP35r0 vWwtePnMMv+B9fAO 9341Y</latexit><latexit  sha1_base64="ic 6WezPV7TWar890N 1QnpVOPjNA=">AAA B6nicbVDLSgNBEOy NrxhfUY9eBoOQU9 gVQS9CwIvHiOYByR JmJ7PJkJnZZaZXC CGf4MWDIl79Im/+j ZNkDxotaCiquunu ilIpLPr+l1dYW9/Y 3Cpul3Z29/YPyodH LZtkhvEmS2RiOhG 1XArNmyhQ8k5qOFW R5O1ofDP324/cWJ HoB5ykPFR0qEUsGE Un3atrv1+u+DV/A fKXBDmpQI5Gv/zZG yQsU1wjk9TabuCn GE6pQcEkn5V6meUp ZWM65F1HNVXchtPF qTNy5pQBiRPjSiN ZqD8nplRZO1GR61Q UR3bVm4v/ed0M46 twKnSaIddsuSjOJM GEzP8mA2E4Qzlxh DIj3K2EjaihDF06J RdCsPryX9I6rwV+L bi7qNSreRxFOIFT qEIAl1CHW2hAExgM 4Qle4NWT3rP35r0 vWwtePnMMv+B9fAO 9341Y</latexit><latexit  sha1_base64="ic 6WezPV7TWar890N 1QnpVOPjNA=">AAA B6nicbVDLSgNBEOy NrxhfUY9eBoOQU9 gVQS9CwIvHiOYByR JmJ7PJkJnZZaZXC CGf4MWDIl79Im/+j ZNkDxotaCiquunu ilIpLPr+l1dYW9/Y 3Cpul3Z29/YPyodH LZtkhvEmS2RiOhG 1XArNmyhQ8k5qOFW R5O1ofDP324/cWJ HoB5ykPFR0qEUsGE Un3atrv1+u+DV/A fKXBDmpQI5Gv/zZG yQsU1wjk9TabuCn GE6pQcEkn5V6meUp ZWM65F1HNVXchtPF qTNy5pQBiRPjSiN ZqD8nplRZO1GR61Q UR3bVm4v/ed0M46 twKnSaIddsuSjOJM GEzP8mA2E4Qzlxh DIj3K2EjaihDF06J RdCsPryX9I6rwV+L bi7qNSreRxFOIFT qEIAl1CHW2hAExgM 4Qle4NWT3rP35r0 vWwtePnMMv+B9fAO 9341Y</latexit>
m = 1
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Figure 7: Example of message passing. Each row highlights the information that diffuses through
the graph starting from a particular node. In the top row, the node of interest is in the upper
right; in the bottom row, the node of interest is in the bottom right. Shaded nodes indicate how far
information from the original node can travel in m steps of message passing; bolded edges indicate
which edges that information has the potential to travel across. Note that during the full message
passing procedure, this propagation of information happens simultaneously for all nodes and edges
in the graph (not just the two shown here).
apply an elementary dynamics update, and the decoder might read out the final positions from the
updated graph state.
Similar to the encode-process-decode design, recurrent GN-based architectures can be built by
maintaining a hidden graph, Gthid, taking as input an observed graph, G
t
inp, and returning an output
graph, Gtout, on each step (see Figure 6c). This type of architecture can be particularly useful for
predicting sequences of graphs, such as predicting the trajectory of a dynamical system over time
(e.g. Sanchez-Gonzalez et al., 2018). The encoded graph, output by GNenc, must have the same
structure as Gthid, and they can be easily combined by concatenating their corresponding ek, vi,
and u vectors (where the upward arrow merges into the left-hand horizontal arrow in Figure 6c),
before being passed to GNcore. For the output, the G
t
hid is copied (where the right-hand horizontal
arrow splits into the downward arrow in Figure 6c) and decoded by GNdec. This design reuses GN
blocks in several ways: GNenc, GNdec, and GNcore are shared across each step, t; and within each
step, GNcore may perform multiple shared sub-steps.
Various other techniques for designing GN-based architectures can be useful. Graph skip
connections, for example, would concatenate a GN block’s input graph, Gm, with its output graph,
Gm+1, before proceeding to further computations. Merging and smoothing input and hidden graph
information, as in Figure 6c, can use LSTM- or GRU-style gating schemes, instead of simple
concatenation (Li et al., 2016). Or distinct, recurrent GN blocks (e.g. Figure 4b) can be composed
before and/or after other GN blocks, to improve stability in the representations over multiple
propagation steps (Sanchez-Gonzalez et al., 2018).
4.4 Implementing graph networks in code
Similar to CNNs (see Figure 1), which are naturally parallelizable (e.g. on GPUs), GNs have a
natural parallel structure: since the φe and φv functions in Equation 1 are shared over the edges
and nodes, respectively, they can be computed in parallel. In practice, this means that with respect
20
Box 4: Graph Nets open-source software library: github.com/deepmind/graph nets
We have released an open-source library for building GNs in Tensorflow/Sonnet. It includes
demos of how to create, manipulate, and train GNs to reason about graph-structured data, on
a shortest path-finding task, a sorting task, and a physical prediction task. Each demo uses the
same GN architecture, which highlights the flexibility of the approach.
Shortest path demo: tinyurl.com/gn-shortest-path-demo
This demo creates random graphs, and trains a GN to label the nodes and edges on the shortest
path between any two nodes. Over a sequence of message-passing steps (as depicted by each
step’s plot), the model refines its prediction of the shortest path.
Sort demo: tinyurl.com/gn-sort-demo
This demo creates lists of random numbers, and trains a GN to sort the list. After a sequence
of message-passing steps, the model makes an accurate prediction of which elements (columns
in the figure) come next after each other (rows).
Physics demo: tinyurl.com/gn-physics-demo
This demo creates random mass-spring physical systems, and trains a GN to predict the state of
the system on the next timestep. The model’s next-step predictions can be fed back in as input
to create a rollout of a future trajectory. Each subplot below shows the true and predicted
mass-spring system states over 50 timesteps. This is similar to the model and experiments in
(Battaglia et al., 2016)’s “interaction networks”.
21
to φe and φv, the nodes and edges can be treated like the batch dimension in typical mini-batch
training regimes. Moreover, several graphs can be naturally batched together by treating them as
disjoint components of a larger graph. With some additional bookkeeping, this allows batching
together the computations made on several independent graphs.
Reusing φe and φv also improves GNs’ sample efficiency. Again, analogous to a convolutional
kernel, the number of samples which are used to optimize a GN’s φe and φv functions is the number
of edges and nodes, respectively, across all training graphs. For example, in the balls example
from Sec. 3.2, a scene with four balls which are all connected by springs will provide twelve (4× 3)
examples of the contact interaction between them.
We have released an open-source software library for building GNs, which can be found here:
github.com/deepmind/graph nets. See Box 4 for an overview.
4.5 Summary
In this section, we have discussed the design principles behind graph networks: flexible representa-
tions, configurable within-block structure, and composable multi-block architectures. These three
design principles combine in our framework which is extremely flexible and applicable to a wide range
of domains ranging from perception, language, and symbolic reasoning. And, as we will see in the
remainder of this paper, the strong relational inductive bias possessed by graph networks supports
combinatorial generalization, thus making it a powerful tool both in terms of implementation and
theory.
5 Discussion
In this paper, we analyzed the extent to which relational inductive bias exists in deep learning
architectures like MLPs, CNNs, and RNNs, and concluded that while CNNs and RNNs do contain
relational inductive biases, they cannot naturally handle more structured representations such as
sets or graphs. We advocated for building stronger relational inductive biases into deep learning
architectures by highlighting an underused deep learning building block called a graph network,
which performs computations over graph-structured data. Our graph network framework unifies
existing approaches that also operate over graphs, and provides a straightforward interface for
assembling graph networks into complex, sophisticated architectures.
5.1 Combinatorial generalization in graph networks
The structure of GNs naturally supports combinatorial generalization because they do not perform
computations strictly at the system level, but also apply shared computations across the entities and
across the relations as well. This allows never-before-seen systems to be reasoned about, because
they are built from familiar components, in a way that reflects von Humboldt’s “infinite use of finite
means” (Humboldt, 1836; Chomsky, 1965).
A number of studies have explored GNs’ capacity for combinatorial generalization. Battaglia
et al. (2016) found that GNs trained to make one-step physical state predictions could simulate
thousands of future time steps, and also exhibit accurate zero-shot transfer to physical systems
with double, or half, the number of entities experienced during training. Sanchez-Gonzalez et al.
(2018) found similar results in more complex physical control settings, including that GNs trained as
forward models on simulated multi-joint agents could generalize to agents with new numbers of joints.
Hamrick et al. (2018) and Wang et al. (2018b) each found that GN-based decision-making policies
could transfer to novel numbers of entities as well. In combinatorial optimization problems, Bello
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et al. (2016); Nowak et al. (2017); Dai et al. (2017); Kool and Welling (2018) showed that GNs could
generalize well to problems of much different sizes than they had been trained on. Similarly, Toyer
et al. (2017) showed generalization to different sizes of planning problems, and Hamilton et al. (2017)
showed generalization to producing useful node embeddings for previously unseen data. On boolean
SAT problems, Selsam et al. (2018) demonstrated generalization both to different problem sizes and
across problem distributions: their model retained good performance upon strongly modifying the
distribution of the input graphs and its typical local structure.
These striking examples of combinatorial generalization are not entirely surprising, given GNs’
entity- and relation-centric organization, but nonetheless provide important support for the view
that embracing explicit structure and flexible learning is a viable approach toward realizing better
sample efficiency and generalization in modern AI.
5.2 Limitations of graph networks
One limitation of GNs’ and MPNNs’ form of learned message-passing (Shervashidze et al., 2011)
is that it cannot be guaranteed to solve some classes of problems, such as discriminating between
certain non-isomorphic graphs. Kondor et al. (2018) suggested that covariance7 (Cohen and Welling,
2016; Kondor and Trivedi, 2018), rather than invariance to permutations of the nodes and edges
is preferable, and proposed “covariant compositional networks” which can preserve structural
information, and allow it to be ignored only if desired.
More generally, while graphs are a powerful way of representing structure information, they
have limits. For example, notions like recursion, control flow, and conditional iteration are not
straightforward to represent with graphs, and, minimally, require additional assumptions (e.g., in
interpreting abstract syntax trees). Programs and more “computer-like” processing can offer greater
representational and computational expressivity with respect to these notions, and some have argued
they are an important component of human cognition (Tenenbaum et al., 2011; Lake et al., 2015;
Goodman et al., 2015).
5.3 Open questions
Although we are excited about the potential impacts that graph networks can have, we caution that
these models are only one step forward. Realizing the full potential of graph networks will likely be
far more challenging than organizing their behavior under one framework, and indeed, there are a
number of unanswered questions regarding the best ways to use graph networks.
One pressing question is: where do the graphs come from that graph networks operate over?
One of the hallmarks of deep learning has been its ability to perform complex computations over
raw sensory data, such as images and text, yet it is unclear the best ways to convert sensory data
into more structured representations like graphs. One approach (which we have already discussed)
assumes a fully connected graph structure between spatial or linguistic entities, such as in the
literature on self-attention (Vaswani et al., 2017; Wang et al., 2018c). However, such representations
may not correspond exactly to the “true” entities (e.g., convolutional features do not directly
correspond to objects in a scene). Moreover, many underlying graph structures are much more
sparse than a fully connected graph, and it is an open question how to induce this sparsity. Several
lines of active research are exploring these issues (Watters et al., 2017; van Steenkiste et al., 2018;
Li et al., 2018; Kipf et al., 2018) but as of yet there is no single method which can reliably extract
discrete entities from sensory data. Developing such a method is an exciting challenge for future
7Covariance means, roughly, that the activations vary in a predictable way as a function of the ordering of the
incoming edges.
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research, and once solved will likely open the door for much more powerful and flexible reasoning
algorithms.
A related question is how to adaptively modify graph structures during the course of computation.
For example, if an object fractures into multiple pieces, a node representing that object also ought
to split into multiple nodes. Similarly, it might be useful to only represent edges between objects
that are in contact, thus requiring the ability to add or remove edges depending on context. The
question of how to support this type of adaptivity is also actively being researched, and in particular,
some of the methods used for identifying the underlying structure of a graph may be applicable (e.g.
Li et al., 2018; Kipf et al., 2018).
Human cognition makes the strong assumption that the world is composed of objects and
relations (Spelke and Kinzler, 2007), and because GNs make a similar assumption, their behavior
tends to be more interpretable. The entities and relations that GNs operate over often correspond
to things that humans understand (such as physical objects), thus supporting more interpretable
analysis and visualization (e.g., as in Selsam et al., 2018). An interesting direction for future work
is to further explore the interpretability of the behavior of graph networks.
5.4 Integrative approaches for learning and structure
While our focus here has been on graphs, one takeaway from this paper is less about graphs
themselves and more about the approach of blending powerful deep learning approaches with
structured representations. We are excited by related approaches which have explored this idea for
other types of structured representations and computations, such as linguistic trees (Socher et al.,
2011a,b, 2012, 2013; Tai et al., 2015; Andreas et al., 2016), partial tree traversals in a state-action
graph (Guez et al., 2018; Farquhar et al., 2018), hierarchical action policies (Andreas et al., 2017),
multi-agent communication channels (Foerster et al., 2016), “capsules” (Sabour et al., 2017), and
programs (Parisotto et al., 2017). Other methods have attempted to capture different types of
structure by mimicking key hardware and software components in computers and how they transfer
information between each other, such as persistent slotted storage, registers, memory I/O controllers,
stacks, and queues (e.g. Dyer et al., 2015; Grefenstette et al., 2015; Joulin and Mikolov, 2015;
Sukhbaatar et al., 2015; Kurach et al., 2016; Graves et al., 2016).
5.5 Conclusion
Recent advances in AI, propelled by deep learning, have been transformative across many important
domains. Despite this, a vast gap between human and machine intelligence remains, especially with
respect to efficient, generalizable learning. We argue for making combinatorial generalization a top
priority for AI, and advocate for embracing integrative approaches which draw on ideas from human
cognition, traditional computer science, standard engineering practice, and modern deep learning.
Here we explored flexible learning-based approaches which implement strong relational inductive
biases to capitalize on explicitly structured representations and computations, and presented a
framework called graph networks, which generalize and extend various recent approaches for neural
networks applied to graphs. Graph networks are designed to promote building complex architectures
using customizable graph-to-graph building blocks, and their relational inductive biases promote
combinatorial generalization and improved sample efficiency over other standard machine learning
building blocks.
Despite their benefits and potential, however, learnable models which operate on graphs are
only a stepping stone on the path toward human-like intelligence. We are optimistic about a
number of other relevant, and perhaps underappreciated, research directions, including marrying
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learning-based approaches with programs (Ritchie et al., 2016; Andreas et al., 2016; Gaunt et al.,
2016; Evans and Grefenstette, 2018; Evans et al., 2018), developing model-based approaches with an
emphasis on abstraction (Kansky et al., 2017; Konidaris et al., 2018; Zhang et al., 2018; Hay et al.,
2018), investing more heavily in meta-learning (Wang et al., 2016, 2018a; Finn et al., 2017), and
exploring multi-agent learning and interaction as a key catalyst for advanced intelligence (Nowak,
2006; Ohtsuki et al., 2006). These directions each involve rich notions of entities, relations, and
combinatorial generalization, and can potentially benefit, and benefit from, greater interaction with
approaches for learning relational reasoning over explicitly structured representations.
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Appendix: Formulations of additional models
In this appendix we give more examples of how published networks can fit in the frame defined by
Equation 1.
Interaction networks
Interaction Networks (Battaglia et al., 2016; Watters et al., 2017) and the Neural Physics Engine
Chang et al. (2017) use a full GN but for the absence of the global to update the edge properties:
φe (ek,vrk ,vsk ,u) := f
e (ek,vrk ,vsk) = NNe ([ek,vrk ,vsk ])
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i,vi,u
)
= NNv
(
[e¯′i,vi,u]
)
ρe→v
(
E′i
)
:= =
∑
{k: rk=i}
e′k
That work also included an extension to the above formulation which output global, rather than
per-node, predictions:
φe (ek,vrk ,vsk ,u) := f
e (ek,vrk ,vsk) = NNe ([ek,vrk ,vsk ])
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i,vi,u
)
= NNv
(
[e¯′i,vi,u]
)
φu
(
e¯′, v¯′,u
)
:= fu
(
v¯′,u
)
= NNu
(
[v¯′,u]
)
ρv→g
(
V ′
)
:= =
∑
i
v′i
Non-pairwise interactions
Gated Graph Sequence Neural Networks (GGS-NN) (Li et al., 2016) use a slightly generalized
formulation where each edge has an attached type tk ∈ {1, .., T}, and the updates are:
φe ((ek, tk) ,vrk ,vsk ,u) := f
e (ek,vsk) = NNe,tk (vsk)
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i,vi
)
= NNv
(
[e¯′i,vi]
)
ρe→v
(
E′i
)
:= =
∑
{k: rk=i}
e′k
These updates are applied recurrently (the NNv is a GRU (Cho et al., 2014)), followed by a global
decoder which computes a weighted sum of embedded final node states. Here each NNe,tk is a neural
network with specific parameters.
CommNet (Sukhbaatar et al., 2016) (in the slightly more general form described by (Hoshen,
2017)) uses:
φe (ek,vrk ,vsk ,u) := f
e (vsk) = NNe (vsk)
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i,vi
)
= NNv
(
[e¯′i,NNv′ (vi)]
)
ρe→v
(
E′i
)
:= =
1
|E′i|
∑
{k: rk=i}
e′k
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Attention-based approaches
The various attention-based approaches use a φe which is factored into a scalar pairwise-interaction
function which returns the unnormalized attention term, denoted αe (vrk ,vsk) = a
′
k, and a vector-
valued non-pairwise term, denoted βe (vsk) = b
′
k,
φe (ek,vrk ,vsk ,u) := f
e (vrk ,vsk) = (α
e (vrk ,vsk) , β
e (vsk)) = (a
′
k,b
′
k) = e
′
k
The single-headed self-attention (SA) in the Transformer architecture (Vaswani et al., 2017),
implements the non-local formulation as:
αe (vrk ,vsk) = exp (NNαquery (vrk)
ᵀ ·NNαkey (vsk))
βe (vsk) = NNβ (vsk)
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i
)
= NNv
(
e¯′i
)
where NNαquery , NNαkey , and NNβ are again neural network functions with different parameters and
possibly different architectures. They also use a multi-headed version which computes Nh parallel
e¯′hi using different NNαqueryh , NNαkeyh
, NNβh , where h indexes the different parameters. These are
passed to fv and concatenated:
fv
(
{e¯′hi }h=1...Nh
)
= NNv
(
[e¯′1i , . . . , e¯
′Nh
i ]
)
Vertex Attention Interaction Networks (Hoshen, 2017) are very similar to single-headed SA,
but use Euclidean distance for the attentional similarity metric, with shared parameters across the
attention inputs’ embeddings, and also use the input node feature in the node update function,
αe (vrk ,vsk) = exp
(−‖NNα (vrk)−NNα (vsk) ‖2)
βe (vsk) = NNβ (vsk)
φv
(
e¯′i,vi,u
)
:= fv
(
e¯′i
)
= NNv
(
[e¯′i,vi]
)
Graph Attention Networks (Velicˇkovic´ et al., 2018) are also similar to multi-headed SA, but use
a neural network as the attentional similarity metric, with shared parameters across the attention
inputs’ embeddings:
αe (vrk ,vsk) = exp (NNα′ ([NNα (vrk) ,NNα (vsk)))
βe (vsk) = NNβ (vsk)
φv
(
e¯′i,vi,u
)
:= fv
(
{e¯′hi }h=1...Nh
)
= NNv
(
[e¯′1i , . . . , e¯
′Nh
i ]
)
Stretching beyond the specific non-local formulation, Shaw et al. (2018) extended multi-headed
SA with relative position encodings. “Relative” refers to an encoding of the spatial distance between
nodes in a sequence or other signal in a metric space. This can be expressed in GN language as an
edge attribute ek, and replacing the β
e (vsk) from multi-headed SA above with:
βe (ek,vsk) = NNe (vsk) + ek
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Belief Propagation embeddings
Finally, we briefly summarize how the general “structure2vec” algorithm of Dai et al. (2016) can fit
into our framework. In order to do so, we need to slightly modify our main Equation 1, i.e.:
¯k = ρ
(
{el}sl=rk
rl 6=sk
)
:=
∑
rl=sk
sl 6=rk
el
e′k = φ
e (¯k) := f(¯k) = NN(¯k)
e¯′i = ρ
({e′k}rk=i) := ∑
{k: rk=i}
ek
v′i = φ
v
(
e¯′i
)
:= f(e¯′i) = NN(e¯
′
i)
Edges’ features now takes the meaning of “message” between their receiver and sender; note that
there is only one set of parameters to learn for both the edges and nodes updates.
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